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Abstract

The management and analysis of large collections of DNA sequences represents a growing
challenge for bioinformatics. Advances in sequencing technologies continue to increase both
the volume and diversity of available data: public repositories now hold several petabytes of
sequences, yet computational limitations in storage and indexing make this data difÏcult to
exploit fully. How, then, should we design algorithms suited to this scale?

This thesis addresses the design and implementation of efÏcient algorithms for genomic
sequence analysis, with an emphasis not only on theoretical efÏciency but, crucially, on practical
performance. We argue that algorithm design and implementation are inseparable: achieving
high throughput in practice requires both to be considered together, with a deep understanding
of how modern hardware executes code.

The first part focuses on high-performance sequence processing. We show that SIMD vectoriza-
tion, the ability of modern CPUs to operate on multiple values simultaneously, can dramatically
accelerate the core steps of a genomic processing pipeline. We present vectorized methods for
sequence parsing, rolling hash computation, and minimizer extraction, and demonstrate their
practical application. Together, these form a pipeline that processes genomic data at close to
hardware-limited throughput.

The second part examines how the choice of data representation for substrings of fixed length,
or k‑mers, affects the efÏciency of data structures and plays an important role in practical
performances. We study the relationship between minimizers and necklaces, and show how these
representations naturally group related k‑mers together, enabling cache-friendly data structures.
Building on this, we propose different compact representations that support efÏcient k‑mer
counting and set operations on large collections of sequences.

The third part considers sparser representations of sequence content. We show that by
retaining only a carefully chosen fraction of k‑mers, one can reduce both memory footprint and
comparison time without sacrificing the ability to answer similarity queries.

Across these three axes, our work shows that significant practical gains come from treating
algorithm design and implementation as a single, unified problem rather than two separate
concerns.
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Résumé en français

La gestion et l’analyse de grandes collections de séquences d’ADN représentent un défi croissant
pour la bioinformatique. Les avancées des technologies de séquençage continuent d’accroître
le volume et la diversité des données disponibles : les dépôts publics contiennent désormais
plusieurs pétaoctets de séquences, mais des limitations computationnelles en matière de stockage
et d’indexation rendent ces données difÏciles à exploiter pleinement. Comment, dès lors, concevoir
des algorithmes adaptés à cette échelle ?

Cette thèse s’intéresse à la conception et à l’implémentation d’algorithmes efÏcaces pour
l’analyse de séquences génomiques, en mettant l’accent non seulement sur l’efÏcacité théorique,
mais aussi et surtout sur les performances en pratique. Nous défendons l’idée que conception
algorithmique et implémentation sont indissociables : atteindre un débit élevé en pratique exige
de considérer les deux conjointement, avec une compréhension approfondie de la façon dont le
hardware moderne exécute le code.

La première partie porte sur le traitement haute performance de séquences. Nous montrons que
la vectorisation SIMD, c’est-à-dire la capacité des processeurs modernes à opérer simultanément
sur plusieurs valeurs, permet d’accélérer considérablement les étapes clés d’un pipeline de
traitement génomique. Nous présentons des méthodes vectorisées pour l’analyse syntaxique de
séquences, le calcul de hash glissant et l’extraction de minimiseurs, et en démontrons l’application
pratique. Ensemble, ces méthodes forment un pipeline traitant les données génomiques à un
débit proche de la limite matérielle.

La deuxième partie examine comment le choix de la représentation des sous-chaînes de
longueur fixe, ou k‑mers, influe sur l’efÏcacité des structures de données et joue un rôle important
dans les performances pratiques. Nous étudions la relation entre minimiseurs et colliers, et
montrons comment ces représentations regroupent naturellement les k‑mers similaires, permettant
des structures de données favorables au cache. Sur cette base, nous proposons différentes
représentations compactes permettant le comptage efÏcace de k‑mers et les opérations ensemblistes
sur de grandes collections de séquences.

La troisième partie s’intéresse à des représentations plus parcimonieuses du contenu des
séquences. Nous montrons qu’en ne conservant qu’une fraction soigneusement choisie des k‑mers,
il est possible de réduire à la fois l’empreinte mémoire et le temps de comparaison, sans sacrifier
la capacité à répondre à des requêtes de similarité.

À travers ces trois axes, nos travaux montrent que des gains pratiques significatifs découlent
du fait de traiter la conception algorithmique et l’implémentation comme un problème unique et
unifié, plutôt que comme deux préoccupations séparées.
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Foreword

I designed this manuscript with a simple goal in mind: creating a resource I would have enjoyed
reading at the beginning of my PhD. Looking for such a resource, I found that many articles
focused on either algorithms or implementation, but rarely both: theoretical papers rarely
connected their results to implementation choices, while engineering-focused work often lacked a
clear account of the underlying ideas. This document is my attempt to combine both perspectives,
building from shared foundations before focusing on contributions that make the link between
design choices and practical performance explicit.

The three parts can be read independently, but together they build toward a common argument:
that careful implementation matters as much as algorithm design, that memory representation
plays a key role in practical performance, and that at the largest scales, sparser representations
become necessary. The first part asks how fast a genomic pipeline can run when the CPU is
fully put to use, and builds vectorized methods for parsing, hashing, and minimizer extraction
that approach the hardware limit. The second asks how the internal representation of k‑mer
sets influences what is actually fast in practice, and shows that structures exploiting the locality
of consecutive k‑mers can improve upon generic solutions while supporting richer operations.
The third asks how much information can be discarded while still answering similarity queries
reliably, and shows that a carefully chosen subset of k‑mers is often sufÏcient to preserve the
answers we care about. Each part assumes only the introduction as a prerequisite, begins with
additional background before focusing on new contributions, and closes with my perspectives on
this work and what could come next.

An online version of this thesis is available at phd.martayan.org. I hope you’ll enjoy reading it.
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1. Delving into genomic sequences

DNA, or deoxyribonucleic acid, is the molecule that carries the genetic information of living
organisms. As you probably know, it contains four nucleotides: adenine (A) pairing with thymine
(T), and cytosine (C) pairing with guanine (G). A genome is the complete set of DNA of an
organism, stored across one or multiple chromosomes. The human genome, for instance, spans
roughly 3.2 billion base pairs distributed across 23 chromosome pairs. It’s often difÏcult to grasp
how much information this represents, so let’s try to imagine what this would amount to when
printed as books. A typical novel contains roughly 80,000 words, or 500,000 characters, and is
approximately 3cm wide. Thus, a single human genome would require 6400 books, enough to fill
a 200m long bookshelf!

Given this amount of information, we soon realize that any kind of manual analysis would
take years of effort1, so we definitely want some form of automation. This is where sequencing
technologies come into play, by turning DNA samples into a signal that we can feed to computers.
However, current sequencers are not able to read entire chromosomes in one go, so the DNA is
fragmented and sequenced into millions of reads with partial information. Moreover, sequencers
regularly make errors by inserting, deleting or modifying nucleotides, resulting in inaccurate
reads.

Modern sequencing technologies are divided in two main categories. Short-read sequencers,
most notably Illumina, produce reads of 100–300 base pairs with a low cost per base and error
rates below 0.5%. Long-read sequencers from Oxford Nanopore Technologies (ONT) and Pacific
Biosciences (PacBio) generate reads of thousands to hundreds of thousands of base pairs, at the
cost of higher error rates (0.5–5%) and lower throughput.

After sequencing, we’re left with a large collection of noisy reads which are completely
unorganized, so we’d like to correct their errors and recover their original arrangement. Going
back to the book analogy, we would have many excerpts spanning a couple sentences (for short
reads) or a couple pages (for long reads) that contain lots of typos. Some typos are easy to
catch because they create fake words, like “sky” becoming “skt”, but others are more insidious
and could turn a friend into a fiend.

The process of reconstructing a sequence from a set of reads is called assembly. Two main
strategies exist: when a closely related reference sequence is available, it can be used as a template
to anchor and rearrange the reads, a process known as reference-guided assembly. When no such
reference exists, the reads must be assembled from scratch, which is called de novo assembly. In
practice, depending on the application, one may work either with a fully assembled genome or
directly with raw reads. Both are typically stored in text-based formats: FASTA, which records
a sequence identifier followed by the nucleotide sequence itself, and FASTQ, which additionally
encodes a per-base quality score reflecting the sequencer’s confidence at each position.

A large share of these datasets, both raw reads and assembled genomes, are saved in public
archives. The most prominent ones include the Sequence Read Archive (SRA) and GenBank
operated by NCBI in the US, and their European counterpart European Nucleotide Archive
(ENA) operated by EMBL-EBI in the UK. Their size is growing at a staggering pace: SRA alone
has surpassed 100 petabytes of data. In our book metric, this would correspond to more than
6km of books, enough to cover the distance from Earth to the Moon… 16 times! This exponential
growth lies at the heart of the challenge we try to address: sequencing data is accumulating

1Sanger’s early sequencing work required reading gel fragments by hand, even for genomes as small as bacterio-
phages [SNC77].
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1. Delving into genomic sequences

faster than our storage and computational capacity can keep up with. New approaches are
therefore needed, ones that can scale to this ocean of data while remaining tractable on modest
resources.

Throughout this thesis, we will discuss different ways of comparing sequences to one another.
Historically, two broad families of methods are distinguished: alignment-based and alignment-free.
Alignment-based methods usually rely on computing an edit distance between two sequences,
that is the minimum number of insertions, deletions, and substitutions required to transform
one into the other2. Their main drawback is computational cost: classical algorithms run in
quadratic time [NW70; SW81], and even the more recent ones such as WFA [MMME20; Mar+23]
or A*PA [GI24; Gro24] run in slightly super-linear time3. Alignment-free methods, by contrast,
bypass the position-by-position correspondence to run in at most linear time and space. Instead,
each sequence is summarized by a compact signature, most commonly derived from its k‑mer
content, i.e. all its substrings of fixed length k, and sequences are compared by the similarity of
their signatures. We discuss the benefits of k‑mer-based approaches in the next chapter, and
subsequent chapters develop the data structures and algorithms needed to compare sequences at
scale.

2In practice, repeated operations are often assigned lower costs, leading to afÏne-cost edit distances.
3For a detailed history of pairwise alignment, I recommend reading Ragnar Groot Koerkamp’s thesis [Gro25a].
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2. Comparing using k‑mers

In contrast to full-text methods such as the Burrows-Wheeler Transform (BWT) [BW94; FM00],
which aim to losslessly represent the original sequence while enabling more operations, we can
often afford to lose some information on a sequence if this allows us to reduce its memory
footprint or speed up comparisons. In this thesis, we will not cover full-text representations, and
will focus on representing substrings of fixed-size k, or k‑mers. In particular, we will often see
sequences as sets of k‑mers, without accounting for their positions or number of occurrences.

2.1. Coarse-grained comparisons with k‑mers

Intuitively, indexing k‑mers allows comparisons at a granularity of at least k bases, rather than at
the level of individual nucleotides. This immediately speeds up comparisons by short-circuiting
the first k positions, but it also means that matches shorter than k cannot be identified.

Working with fixed-size substrings naturally leads to fairly simple data structures. For small
values of k (up to around 15), k‑mer sets are typically dense enough in Σ𝑘 to use a plain lookup
table. For larger k, however, the k‑mer set of a sequence becomes much sparser in Σ𝑘, and hash
tables are usually preferred instead.

In the applications considered in this thesis, k typically ranges from 20 to 70, thus yielding
sparse sets. Additionally, a k‑mer and its reverse-complement are often treated as equivalent,
since sequencing methods do not tell us which DNA strand a read originates from. We therefore
designate one of the two1 as a canonical representative. For this reason, k is usually restricted to
odd values to avoid the degenerate case where a k‑mer is its own reverse-complement2.

2.2. De Bruijn graph representation

One immediate observation about the k‑mer set of a sequence is that two k‑mers at successive
positions always overlap by 𝑘 − 1 bases. From this property stems the notion of de Bruijn
graph (DBG), where each node corresponds to a k‑mer and a directed edge from 𝑥 to 𝑦 exists
whenever 𝑥2 … 𝑥𝑘 = 𝑦1 … 𝑦𝑘−1. This definition is referred to as node-centric, but we can define an
edge-centric version that’s equivalent by representing k‑mers as edges and 𝑘 − 1 overlaps as nodes.
Figure 2.1 shows the node-centric DBG induced by the sequence CTAAGAAGGT, while Figure 2.2
shows its edge-centric counterpart. In this setting, any sequence of length ≥ 𝑘 corresponds to a
walk in the DBG. This representation can however lead to ambiguities in the presence of repeats:
for instance, CTAAGAAGGT, CTAAGAAGAAGGT and CTAAGAAGAAGAAGGT all correspond to the same graph
for k = 3.

Note that in practice, when a k‑mer and its reverse-complement are treated as equivalent, the
corresponding nodes are usually merged and DBGs become bidirected graphs, where each node
carries two orientations and edges connect compatible ends.

2.2.1. Identifying small variations

An important property of DBGs is that they make small edits between similar sequences easy
to spot [ITM12]. For instance, in Figure 2.3, substituting the last A with a C creates a bubble
1For instance, by taking the lexicographically smallest.
2When k is odd, the middle base of a k‑mer and its reverse-complement always differ.
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2. Comparing using k‑mers

CTA TAA

AAG

AGAGAA

AGG GGT

Figure 2.1.: Example of a node-centric de Bruijn graph for k = 3, built from the sequence
CTAAGAAGGT.

CTA TAA AAG AGG GGT

AGAGA
A

Figure 2.2.: Example of an edge-centric de Bruijn graph for k = 3, built from the sequence
CTAAGAAGGT.

around the k k‑mers affected by the substitution. When combined with the abundance of each
k‑mer, this allows erroneous k‑mers in raw reads to be corrected, or different haplotypes to be
distinguished within a genome. DBGs therefore prove particularly useful for genome assembly
[Ban+12; KYLP19; EBC21]. Figure 2.4 shows a more complex DBG for k = 31 built from
mRNA transcripts of SSNA1 gene, highlighting different exons identified in the graph.

Historically, this is also where de Bruijn graphs first entered bioinformatics: reconstructing
a sequence from its reads raised scalability issues that motivated collapsing read depth into
distinct k‑mers and exploiting the compressibility of non-branching paths. Both ideas later found
applications well beyond assembly.

TCT CTA

TAA AAG AGG

TAC ACG CGG

GGT GTT

Figure 2.3.: De Bruijn graph for k = 3 of the sequences TCTAAGGTT and TCTACGGTT, each highlighted
in a distinct color.

2.2.2. Compact representations

The set of k‑mers associated to a sequence is often referred to as its k‑mer spectrum3 and denoted
Sp𝑘(𝑇 ) for a string 𝑇 . This notion can naturally be extended to sets of strings by merging their
spectra. Since having access to the k‑mer spectrum is sufÏcient to construct the corresponding
DBG, one may want to find a compact way to represent it. Rahman and Medevedev [RM21]
and Břinda et al. [BBK21] formulated this problem as finding a minimum spectrum-preserving
string set (SPSS) / simplitigs: given an input set of sequences I, find a new set of sequences S
such that Sp𝑘(I) = Sp𝑘(S), each k‑mer appears exactly once in S and ∑𝑇 ∈S |𝑇 | is minimal.

3Depending on the context, the notion of k‑mer spectrum also includes the number of occurrences of each k‑mer.
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2. Comparing using k‑mers

Figure 2.4.: De Bruijn graph for k = 31 of SSNA1 gene mRNA transcripts with 3 annotated
exons, made by Bastien Degardins with Vizitig [DPM25].

A simple way to build a (non-minimal) SPSS is to decompose the edge-centric DBG into
maximal paths with non-branching inner nodes, known as unitigs [Chi+15]. For instance, the
DBG in Figure 2.2 is decomposed as {CTAA, AAG, AGAA, AGGT}. The resulting graph is called
a compacted de Bruijn graph (cDBG), and can be computed efÏciently in (external) memory
[CLM16; KKDP22; CT23].

While building unitigs does not result in a minimal SPSS (unless there are no branches),
Schmidt and Alanko [SA23] introduced eulertigs as an optimal solution based on Eulerian circuits
that can be computed in linear time. Moreover, we can relax the unicity constraint and allow
repeated k‑mers to further reduce output size, generalizing SPSS into repetitive SPSS (rSPSS).
Schmidt et al. [Sch+23] proposed an algorithm based on perfect matching and Eulerian circuits
to find minimal rSPSS, referred to as matchtigs, and presented a faster greedy heuristic to
approximate it. All these solutions have since been implemented as part of GGCAT [CT23].

2.3. Using k‑mers for petabase-scale data structures

The compact representations above address how to store a k‑mer set efÏciently. A complementary
question is how to search across very large collections of such sets. Driven by projects like
Tara Oceans [Kar+11] and Pebblescout [SA24], the unprecedented growth of sequencing data
[Ste+15] has motivated a parallel effort to make these massive collections efÏciently searchable.
The central problem here is sequence retrieval: given a query sequence, find all samples in the
collection that contain it. In this context, k‑mers provide a natural intermediate representation,
as each sample can be summarized by its k‑mer set and collections of such sets indexed jointly.
We survey recent methods for indexing individual k‑mer sets in Chapter 10, and focus on
collection-level methods in the rest of this section.

A first generation of approaches relied on approximate membership data structures. Sequence
Bloom Trees [SK16] organized per-sample Bloom filters in a hierarchy to prune the search space.
BIGSI [Bra+19] stored these filters in a bit-sliced layout for fast intersection across hundreds of
thousands of samples. REINDEER [Mar+20; Her+25] took a different angle and indexed k‑mer
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2. Comparing using k‑mers

counts rather than their presence or absence.
Exact, lossless representations emerged with colored compacted de Bruijn graphs (ccDBG),

which annotate each k‑mer in a shared DBG with the set of samples (colors) containing it. The
index is usually decomposed into a k‑mer dictionary and a sparse annotation matrix over samples.
Compressing this annotation matrix is the main algorithmic challenge: Mantis [Pan+18] groups
k‑mers with identical color sets into equivalence classes, MetaGraph [Kar+25] uses topology-
aware compression, and Fulgor [Fan+24; CPFP24] exploits color similarity between adjacent
unitigs and uses repetition-aware compression to achieve state-of-the-art index sizes.

The Logan project [Chi+24] recently proposed a complementary approach: rather than
indexing raw reads directly, it first compacted the majority of the Sequence Read Archive into
unitigs, drastically reducing the volume of data before indexing. Logan-Search4 then builds a
k‑mer index over the resulting unitigs to enable large-scale search over all entries. Ongoing work
by Rouzé et al. [RCL25] aims to further reduce the space usage of Logan’s unitigs by using a
compressed color-to-k‑mer mapping.

4https://logan-search.org/
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3. Sketching sequences

Sketching is the idea of summarizing a (large) dataset into a (small) set of fingerprints, called a
sketch. A sketch is designed to be much cheaper to store and compare, while still providing good
approximations for properties of interest. In this chapter, we treat sequences as sets of k‑mers
(without accounting for their number of occurrences or positions) and we focus on sketches
approximating the similarity of two sequences.

3.1. Why do we want to sketch sequences?

The primary motivation to do sketching in the first place is the colossal amount of sequencing
data we have to deal with. What is especially limiting is not just the length of the sequences
themselves but more importantly how many of them we have to compare, for instance when
comparing an unknown sample against millions of reference genomes to find the closest matches.
Thus, sketching is generally used as an efÏcient filtering step, rapidly narrowing the set of
sequences before applying more expensive, exact operations [Row19].

This framing naturally leads to two design goals: sketches must be lightweight since we may
need to store millions of them, and similarity estimation must be fast since the number of
pairwise comparisons may scale quadratically. Ultimately, both goals push against accuracy: a
smaller sketch is cheaper to store and compare, but produces less precise estimates.

3.2. Approximating similarity

The similarity of two genomic sequences is generally defined by their average nucleotide identity
(ANI), which measures the expected probability that a nucleotide position in a shared genomic
region is identical between two genomes [KT05]. However, computing ANI exactly is quite
expensive, so we typically rely on the similarity of the corresponding k‑mer sets instead and use
it to derive an approximation of ANI.

To measure the similarity of two sets 𝐴 and 𝐵, we generally use the Jaccard index (sometimes
called Tanimoto coefÏcient) defined as𝐽(𝐴, 𝐵) = |𝐴 ∩ 𝐵||𝐴 ∪ 𝐵|

Nevertheless, we still want to avoid having to intersect large k‑mer sets. Thus, instead of
working with the original sets, we sample them into smaller sketches 𝑆(𝐴) and 𝑆(𝐵) for faster
comparison. Figure 3.1 illustrates this idea for “bottom MinHash” sketching that we present in
the next section.

3.3. MinHash and its variations

Now that we know we want to sketch k‑mer sets to quickly estimate their Jaccard similarity, the
main question becomes: how do we design sketching methods that are as accurate as possible
with a tight memory budget?
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3. Sketching sequences

Figure 3.1.: Overview of Jaccard similarity and how bottom MinHash can approximate it, from
Ondov et al. [Ond+16]. Dots filled in blue represent the sketch of 𝐴, while those
filled in red represent the sketch of 𝐵 and crosses indicate the sketch of 𝐴 ∪ 𝐵.
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3. Sketching sequences

3.3.1. MinHash

MinHash [Bro97] is one of the simplest solutions to this problem. Given a regular hash functionℎ, it computes the sketch of a set 𝐴 asℎ(𝐴) = min𝑥∈𝐴 ℎ(𝑥)
The nice property of this definition is that the probability for the minimum hashes of two sets
to be equal exactly matches their Jaccard index, in other words it is an unbiased estimator:ℙ(ℎ(𝐴) = ℎ(𝐵)) = 𝐽(𝐴, 𝐵)

While comparing a single hash gives the desired result on expectation, this estimate has a
high variance. Thus, in order to reduce the variance, we want to average multiple independent
samples. One way to do this is to generate 𝑠 independent hash functions ℎ1, … , ℎ𝑠 by using
multiple seeds: 𝑆(𝐴) = (min𝑥∈𝐴 ℎ1(𝑥), … ,min𝑥∈𝐴 ℎ𝑠(𝑥))𝐽(𝐴, 𝐵) = 1𝑠 𝑠∑𝑖=1 1ℎ𝑖(𝐴)=ℎ𝑖(𝐵)
This estimator is still unbiased and its standard deviation is proportional to 1/√𝑠.
3.3.2. Bottom MinHash

One drawback of using 𝑠 hash functions is that building the sketch takes O(𝑁𝑠) time for a
sequence of size 𝑁 . What we can do instead is to select the 𝑠 smallest hashes using a single
hash function, which we refer to as bottom-𝑠 MinHash.

A common way to maintain the 𝑠 smallest values is to use a max-heap, only updating it if the
incoming hash is smaller than the current max of the sketch. While the construction time can be
upper-bounded by O(𝑁 log 𝑠), Broder [Bro97] refined the bound down to O(𝑁 + 𝑠 log𝑁 log 𝑠)
by noting that the heap is only updated O(𝑠 log𝑁) times on average.

Broder [Bro97] proved that this sketch also provides an unbiased estimator of Jaccard similarity1𝐽(𝐴, 𝐵) = |𝑆(𝐴 ∪ 𝐵) ∩ 𝑆(𝐴) ∩ 𝑆(𝐵)||𝑆(𝐴 ∪ 𝐵)|
where 𝑆(𝐴) denotes the set of the 𝑠 smallest hashes in 𝐴. This approach has been used in
Mash [Ond+16] to define a distance approximating ANI for genomes and metagenomes, and is
illustrated in Figure 3.1.

3.3.3. FracMinHash

One limitation of fixed-sized sketches like (bottom) MinHash is that they perform poorly on sets
of very dissimilar sizes [Row19]. To address this limitation, we can create a sketch whose size is
proportional to the k‑mer set. Given a threshold 𝑡 ∈ [0, 1], and assuming the hash values are in[0, 1], we select any hash smaller than 𝑡:𝑆𝑡(𝐴) = {ℎ(𝑥) ∶ 𝑥 ∈ 𝐴, ℎ(𝑥) < 𝑡}
This method is now known in the literature as FracMinHash [Irb+22], but has appeared under
different names such as scaled MinHash [Pie+19], universe minimizers [EBC21] or mincode
submer [Edg21] in the past.

Given a sequence of size 𝑁 , and the corresponding k‑mer set of size 𝑛, a FracMinHash sketch
contains 𝑛𝑡 elements in expectation and can be built in O(𝑁) time with a linear scan on the hash
1Note that 𝐽(𝑆(𝐴), 𝑆(𝐵)) is not a correct estimator.
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3. Sketching sequences

values. This approach has the benefit of being simple and efÏcient, and supports straightforward
set operations such as union or intersection (for instance 𝑆𝑡(𝐴 ∪ 𝐵) = 𝑆𝑡(𝐴) ∪ 𝑆𝑡(𝐵)).

Rahman Hera et al. [RPK23] showed that the naive estimator 𝐽(𝑆𝑡(𝐴), 𝑆𝑡(𝐵)) is biased, and
that it can be corrected as follows:𝐽(𝐴, 𝐵) = 𝐽(𝑆𝑡(𝐴), 𝑆𝑡(𝐵))1 − (1 − 𝑡)|𝐴∪𝐵|
However, one may notice that this formula depends on |𝐴 ∪ 𝐵|, which is precisely what we were
trying to avoid with 𝐽(𝐴, 𝐵) in the first place. As a workaround, Rahman Hera et al. [RPK23]
suggested to approximate |𝐴 ∪ 𝐵| by |𝑆𝑡(𝐴 ∪ 𝐵)|/𝑡, leading to the following approximation:𝐽(𝐴, 𝐵) = 𝐽(𝑆𝑡(𝐴), 𝑆𝑡(𝐵))1 − (1 − 𝑡)|𝑆𝑡(𝐴)∪𝑆𝑡(𝐵)|/𝑡

Among practical use cases, FracMinHash is implemented as part of the popular sourmash
toolchain [Pie+19; Irb+22] and has been used to index all public metagenomes from the Sequence
Read Archive [IPB22].

3.4. Partitioned sketches and smaller fingerprints

3.4.1. Partitioned sketches

An intuitive idea to increase the number of samples without using multiple hash functions is to
partition the universe of hash values into 𝑠 parts, and compute a sketch for each of them. This
technique is sometimes referred to as one permutation hashing in the literature [LOZ12].

A simple way to implement this is to set 𝑠 = 2𝑝 and use the first 𝑝 bits of a hash to
select its partition. This has three main benefits: 1/ this is efÏcient to compute with bitwise
operations, 2/ this allows us to save 𝑝 bits for each element of the sketch since the first 𝑝 bits are
implicitly encoded by the partition and 3/ this enables faster (and parallelizable) comparisons
at partition-level.

One limitation of using many partitions is that some of them may end up being empty if the
input is not large enough. Some articles addressed this issue by designing densification strategies
[SL14]: each empty slot is filled with other values from the sketch. Note that densification is not
mandatory and that some sketching schemes simply skip empty slots during comparison, at the
cost of a slightly worse precision [YW20].

3.4.2. b-bit MinHash

One thing we may notice when computing min hashes is that the low bits carry much more
information than the high ones (which are more likely to be zeros). Based on this observation,
we can restrict the selected hashes to their lowest 𝑏 bits to save space [LK10]. However, this
introduces a collision probability which must be taken into account to correct the estimator:
two distinct hashes might share the same lowest 𝑏 bits, which would lead to an overestimated
similarity. This technique is used in tools such as BinDash [Zha19] to estimate genome distance.

3.4.3. HyperMinHash

Yu and Weber [YW20] extended this idea with an additional trick: instead of discarding the
high bits, use them in a HyperLogLog counter [FFGM07]. Each hash is thus represented by both
its number of leading zeros and the 𝑏 bits that follow this run of zeros (skipping the first one).
Compared to 𝑏-bit hashing, HyperMinHash has the benefit of being updatable after construction
and provides a precise cardinality estimator with HyperLogLog. This technique inspired the
Dashing [BL19; BL23] toolkit.
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3. Sketching sequences

3.4.4. MaxGeomHash

MaxGeomHash [HKM25] is a recent method that draws inspiration from many of the previous
techniques to design a sketch that scales sublinearly with the input size. Its main idea is to
partition the hash values by their number of leading zeros instead of their first 𝑝 bits, and select
the largest2 𝑠 hash values of each partition. For a fixed 𝑠, this leads to a sketch of O(log𝑛)
elements.

Moreover, Hera et al. [HKM25] also introduced a variant called 𝛼-MaxGeomHash, which
changes the number of elements selected in each partition: given 𝛼 ∈ (0, 1), the partition with 𝑖
leading zeros will select 2𝑖 𝛼1−𝛼 elements to correct the imbalance of partition sizes. With this
change, the size of the sketch becomes O(𝑛𝛼), for any desired 𝛼 ∈ (0, 1).

These two methods offer a middleground between fixed-sized sketches such as (bottom)
MinHash and linear ones such as FracMinHash, while providing similar unbiased estimators for
Jaccard similarity: 𝐽(𝐴, 𝐵) = ∑log𝑛𝑖=1 |𝑆𝑖(𝐴 ∪ 𝐵) ∩ 𝑆𝑖(𝐴) ∩ 𝑆𝑖(𝐵)|∑log𝑛𝑖=1 |𝑆𝑖(𝐴 ∪ 𝐵)|
3.5. Other types of sketches

The sketching methods that we presented so far all have in common that they sample k‑mer
hashes to estimate Jaccard similarity, but many other families of sketches have been designed
with different goals in mind [Che+26]. In this section, I will cover some that I find especially
promising.

3.5.1. DotHash for intersection size

DotHash [Nun+23] takes a different approach than MinHash-like sketches: rather than sampling
a subset of k‑mers and storing their hash, it computes a random projection for every k‑mer and
aggregates all of them in a vector of fixed dimension 𝑑. Note that 𝑑 is independent of the size 𝑛
of the k‑mer set but the precision required for each aggregated component increases with 𝑛.

A key property of DotHash is that it can efÏciently estimate the intersection size of two sets𝐴 and 𝐵 by computing the dot product of the corresponding sketch vectors. In particular,
by computing the dot product of the vector of 𝐴 with itself, we obtain an estimator of the
cardinality of 𝐴. Therefore, Jaccard similarity can be estimated as𝐽(𝐴, 𝐵) = 𝑆(𝐴) ⋅ 𝑆(𝐵)𝑆(𝐴) ⋅ 𝑆(𝐴) + 𝑆(𝐵) ⋅ 𝑆(𝐵) − 𝑆(𝐴) ⋅ 𝑆(𝐵)

However, DotHash has a major drawback: it only works on deduplicated k‑mer sets and cannot
easily detect duplicates since the vectors are aggregated. In particular, if a given k‑mer has 𝑐𝐴
occurrences in 𝐴 and 𝑐𝐵 in 𝐵, it will be counted 𝑐𝐴 × 𝑐𝐵 times in their dot product, leading to
an overestimated intersection size. Thus, DotHash is suitable on repeat-free sequences such as
unitigs, but cannot be directly used on arbitrary sequences.

HyperGen [Xu+24] addresses this limitation by combining DotHash with FracMinHash
sampling to sparsify and deduplicate its input. This approach results in a better space-accuracy
tradeoff compared to existing MinHash-based tools, and is suitable for hardware acceleration.

Ongoing work by Faure et al. [Fau+25] aims to adapt DotHash for large-scale all-vs-all
comparisons of metagenomes.

2Using the smallest hashes would work just as well.
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3. Sketching sequences

3.5.2. SubseqSketch for edit distance

Recent results by Chen et al. [CPS25] focus on estimating the edit distance between two sequences
without having to use an expensive alignment algorithm. Their approach, named SubseqSketch,
relies on (non-contiguous) subsequences rather than k‑mers, and keeps track of their longest
prefix match with respect to multiple random references. The match lengths are then used to
compute a cosine similarity that strongly correlates with edit similarity. However, while this
approach results in an improved sensitivity, it remains more expensive to compute than simple
scans such as FracMinHash.

3.6. Toward locality-aware sampling

The sketching methods presented in this chapter share the property that each k‑mer is selected
or not independently of its neighbors in the sequence. This context-free property makes them
well suited for global similarity estimation, where all that matters is the overall composition of
the k‑mer set. For tasks that instead demand a guarantee that two sequences sharing a long
local match will also share a selected k‑mer, such as read mapping, the next chapter turns to a
different family of sampling strategies.
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4. Sampling with minimizers

The sketching methods presented in Chapter 3 compress a sequence into a compact summary,
but they treat the sequence as a simple “bag” of k‑mers: two sequences with a high Jaccard
index are considered similar regardless of where the shared k‑mers appear.

Many bioinformatics tasks require something stronger: a guarantee that two sequences sharing
a long local exact match will also share at least one selected k‑mer at corresponding positions.
This locality property is what distinguishes minimizers from general “context-free” sketching:
here selected k‑mers act as representatives of their local context.

4.1. Definition and fundamental properties

The concept of minimizers was introduced independently by two groups in 2003–2004. Schleimer
et al. [SWA03] introduced winnowing in the context of document fingerprinting and plagiarism
detection: a sliding window scans the document and the smallest k‑mer of each window (according
to some ordering) is selected as a fingerprint. Roberts et al. [Rob+04] proposed the same idea
for biological sequences, introducing the term minimizer, with the explicit goal of providing
a locality-preserving sketch: any two sequences sharing a long exact match are guaranteed to
share at least one minimizer.

A minimizer scheme is parameterized by three values: the k‑mer length 𝑘, the window size𝑤, and a total ordering O𝑘 on k‑mers. A window of size 𝑤 is a set of 𝑤 consecutive k‑mers,
spanning a substring of length ℓ = 𝑤 + 𝑘 − 1. The minimizer of a window is the k‑mer that is
smallest according to O𝑘, with ties broken by selecting the leftmost occurrence1. Sliding the
window one position at a time along the sequence yields the minimizer sketch of that sequence:
the (deduplicated) sequence of minimizer positions. We discuss efÏcient implementations of this
sliding window algorithm in more detail in Chapter 8.

An essential property of minimizers is the so-called window guarantee.

Property 4.1 (Window guarantee). Any window of w consecutive k‑mers, i.e. any substring of
length ℓ = 𝑤 + 𝑘 − 1, selects one minimizer.

This property has two important consequences that make minimizers especially useful in
practice.

Property 4.2 (Conservation). Any pair of sequences sharing an exact match of length at leastℓ = 𝑤 + 𝑘 − 1 will share at least one minimizer.

Property 4.3 (Bounded distance). The distance between consecutive minimizers is at most 𝑤.

These two properties together ensure that minimizers can serve as anchors for sequence
comparison: shared minimizers between a query and a reference indicate candidate matching
positions, and the bounded distance guarantees that no long match is missed [Ndi+24].

4.2. Density and orderings

Definition 4.1 (Density of a minimizer scheme). The density of a minimizer scheme is the
expected fraction of k‑mers selected over all positions of a random sequence.
1Choosing the leftmost occurrence is a convention, some schemes use the rightmost one or select all tied k‑mers.
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GACTATGGAACTT

GACTATG (GAC ACT CTA TAT ATG)
k=3 w=5

ACTATGG
CTATGGA
TATGGAA
ATGGAAC
TGGAACT
GGAACTT

closed syncmers
open syncmers

ATGGAACTT last super-k-mer
Figure 4.1.: Example of lexicographic minimizer selection, for 𝑘 = 3 and 𝑤 = 5. Each line

corresponds to a sliding window of 5 consecutive 3-mers, selecting a minimizer
highlighted in red. The starting positions of the 3 minimizers are marked by red
arrows above the sequence. Consecutive windows selecting the same minimizer
position can be merged into a single super‑k‑mer.

Since consecutive minimizers are at most 𝑤 positions apart (Property 4.3), the density is
always lower-bounded by 1/𝑤. We’ll see in the following subsections that the ordering used
to compare k‑mers can have a big impact on the density, and thus on the size of the resulting
sketch.

4.2.1. Lexicographic ordering

The simplest ordering we can use is the lexicographic order on k‑mer strings. While it requires
no precomputation and is straightforward to implement, lexicographic ordering has well-known
limitations: homopolymers (especially repeated As) tend to select adjacent k‑mers, thus increasing
the density and skewing the distribution of minimizer values [Mar+17; ZMK23; IMS24]. In
particular, Marçais et al. [Mar+17] report an empirical density of 2.24/(𝑤 + 1) for lexicographic
minimizers with 𝑘 = 10 and 𝑤 = 10. An example of lexicographic minimizer selection is given in
Figure 4.1.

4.2.2. Random ordering

Another popular solution is to order k‑mers randomly, typically using a pseudo-random hash
function. Randomizing the order reduces the impact of poly-As and spreads out the distribution
of minimizer values [ILMS26]. Zheng et al. [ZKM20] proved that random minimizers achieve
a density of 2/(𝑤 + 1) + 𝑜(1/𝑤), a ~10% improvement over lexicographic density, as long as𝑘 > 3 log|Σ|(𝑤 + 1). In practice this condition is almost always satisfied and random ordering is
the default choice in most bioinformatics tools.

This gap between the density of 2/(𝑤 + 1) and the 1/𝑤 lower bound motivated the design of
improved orderings and low-density schemes, which we discuss in more details in Chapter 15.
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4.3. Super‑k‑mers

An important property of minimizer schemes is that consecutive windows tend to share the same
minimizer. More precisely, random minimizers are shared between (𝑤 + 1)/2 windows on average
(i.e. the inverse of the density). Therefore, instead of being represented independently, the
windows associated to a given minimizer occurrence can be merged into a compact representation
called super‑k‑mer [Li+13]. Formally, a super‑k‑mer is the smallest substring covering all windows
selecting a given minimizer position. An example of super‑k‑mer is depicted in Figure 4.1.

¸Î Different notations

In the context of super‑k‑mers, the minimizer size is usually denoted 𝑚 (instead of 𝑘
previously) while 𝑘 denotes the number of bases in a window (previously denoted as ℓ),
i.e. 𝑘 = 𝑤 + 𝑚 − 1.
Super‑k‑mers have been widely adopted in bioinformatics tools for two main reasons. First,

storing super‑k‑mers is much more compact than storing each k‑mer individually (by avoiding
duplicated overlaps). We will see in Chapter 14 that transforming a sequence into a set of
super‑k‑mers roughly increases its space usage by a factor 3 (while individual k‑mers lead to
a factor k) and that we can reduce it further with hyper‑k‑mers. Second, since each k‑mer
belongs to a single super‑k‑mer, this induces a natural partition of the original sequence. This
partitioning method is useful to distribute k‑mers in memory and balance the computational
load, and preserves locality by grouping consecutive k‑mers sharing the same minimizer.

4.4. Improving conservation

While we have seen that density directly impacts the space usage of minimizers and super‑k‑mers,
conservation is an important complementary metric that measures how well minimizers are
preserved under mutations. Formally, conservation is defined as the expected fraction of bases
covered when matching selected k‑mers from the original sequence to those in the mutated
version [Edg21; SY21].

4.4.1. Syncmers

Syncmers were introduced by Edgar [Edg21] as an alternative to minimizers that improve
conservation. Rather than selecting the minimizer of each window, syncmers select the window
itself if its minimizer is located at a specific position within the window. In closed syncmers,
the minimizer must appear at the first or last position of the window. In open syncmers, it
must appear at a fixed interior position, typically the middle one (assuming an odd number of
elements). Examples of open and closed syncmers are shown in Figure 4.1.

¸Î Different notations

In the context of syncmers, the minimizer size is usually denoted 𝑠 (instead of 𝑘 previously)
while 𝑘 denotes the number of bases in a window (previously denoted as ℓ), i.e. 𝑘 = 𝑤+𝑠−1.
Closed syncmers are known to have a density of 2𝑘−𝑠+1 = 2𝑤 and a window guarantee of𝑘 − 𝑠 = 𝑤 − 1 [Edg21; SY21]: any window of 𝑤 − 1 consecutive k‑mers (i.e. 2𝑤 − 2 consecutive

s‑mers) contains at least one closed syncmer. Open syncmers, on the other hand, achieve half
the density at 1𝑘−𝑠+1 = 1𝑤 , but have no window guarantee [SY21].

The distinction between selecting a subword versus selecting a window gives minimizers and
syncmers different properties and use cases. While a minimizer depends on the context around
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it and may change if another k‑mer in the window becomes smaller after a mutation, a syncmer
is guaranteed to stay selected even if the context around it is altered (we say that it is 1-local).
Because of this, syncmers achieve a higher conservation than random minimizers, with open
syncmers performing better than closed syncmers, making them a better option for anchor
selection in mappers [SY21]. On the other hand, since each window selects a unique minimizer,
this minimizer can serve as a representative of the whole window for partitioning, while syncmers
do not serve the same role.

4.4.2. Strobemers

Strobemers were introduced by Sahlin [Sah21] to address a different limitation of k‑mer-based
sampling: a single mutation invalidates k consecutive k‑mers, preventing any match within these2𝑘 − 1 bases. Instead of selecting a single contiguous k‑mer, strobemers link two or more shorter
k‑mers (called strobes) sampled at variable offsets to produce a spaced k‑mer. In particular, this
spaced k‑mer can still be selected if a mutation occurs in the gaps between the strobes, thus
making it more robust. Strobemers have been shown to improve sensitivity in read alignment,
and are the basis of the strobealign aligner [Sah22].

4.5. Practical use cases

A careful reader may notice that it took more than a decade after the introduction of minimizers
for them to appear in widely-used tools [WS14; Chi+15; Li16]. This delay is not entirely
coincidental, and actually follows the development of third-generation sequencing that made
long reads widely available. Minimizers are particularly well-suited for long reads, where k‑mer
sampling is essential to reduce the computational cost, and it was only once such data became
accessible that minimizers reached their full practical potential. In the following subsections, we
briefly survey the main use cases of minimizers in practical applications.

4.5.1. Minimizers as anchors

One of the main applications of minimizers is read mapping, with the seed-chain-align paradigm
popularized by minimap [Li16; Li18; SBCM23]. In this paradigm, both the reference and the
query use minimizers as seeds, and index them along with their positions. Matching minimizers
are then identified as anchors, indicating potentially large matches, and these anchors are chained
using dynamic programming. The best chain of anchors is finally extended into a complete
alignment, reducing the quadratic cost of a single large alignment to a more efÏcient succession
of short alignments.

4.5.2. Minimizers for partitioning

Another important use of minimizers is that they can act as a representative of their window,
which is useful to distribute k‑mers in memory. This property is used for building compacted de
Bruijn graphs [Chi+15; HM20; CT23] or counting k‑mers [LY15; DKGD15; KDD17], where each
partition corresponds to a given minimizer or subset of minimizers.

4.5.3. Minimizers as lossy fingerprints

While minimizers are often used as part of a bigger exhaustive index, they can also be used on
their own as a lossy sketch of the original sequence. For instance, Kraken2 [WLL19] classifies
reads against a reference database by mapping each minimizer to a lowest common ancestor in a
phylogenetic tree. While this is less accurate than having this information for all k‑mers, storing
only minimizers reduces the database size by 85% compared to the original Kraken [WS14].
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Needle [Dar+22] uses the same trick to accelerate transcript quantification, while Kaminari
[Lev+26] uses it to build a lightweight colored de Bruijn graph.

4.5.4. Minimizer-space data structures

Finally, another idea that emerged recently is to transform the original sequence into its sequence
of minimizers, making it shorter but with a larger alphabet, and work directly in this minimizer
space. Ekim et al. [EBC21] successfully applied this technique to accelerate genome assembly
by building a minimizer-space de Bruijn graph, where k-min-mers correspond to a chain of
k consecutive minimizers. Ekim et al. [Eki+23] later used the same technique to speed up
long read mapping. It should be noted, however, that the term “minimizer” used in these two
contributions does not correspond to our definition and is actually closer to a FracMinHash
sketch (presented in Chapter 3). Ayad et al. [Aya+25] generalized this idea to build other string
data structures in sketch space, illustrating the approach with a minimizer-space sufÏx array
that improves space efÏciency.
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Part II.

High-performance sequence processing

All we have to decide is what to do with
the cycles that are given us.

—not J. R. R. Tolkien

In the introduction we established that some genomic pipelines routinely process hundreds of
terabases of data. At that scale, even a constant-factor improvement in throughput translates
directly into wall-clock time. This part asks how close to the hardware limit a genomic pipeline
can actually run and what it takes to get there. Chapter 5 introduces the vectorization model and
the SIMD instruction sets available on common hardware. Chapters 6, 7 and 8 develop vectorized
algorithms for the three core primitives of any genomic pipeline: parsing FASTA/FASTQ input,
computing rolling hashes over k‑mers, and extracting minimizers from a sequence. Chapter 9
applies these primitives to sequence filtering.
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5. A primer on vectorization

CPU performance scaled remarkably through the late 20th century, driven by increasing transistor
counts (roughly following the famous Moore’s law) and rising clock frequencies. However, as the
clock frequencies started facing physical limits, CPU manufacturers invested in new solutions to
keep improving the computation throughput. The main trend over the last decades has been
to focus on handling more operations in parallel, either by adding more CPU cores (task-level
parallelism), or by increasing the number of operations done by each core (instruction-level
and data-level parallelism). In particular, many applications such as scientific computing,
signal processing or regex engines benefit especially from data-level parallelism, where the same
operation is applied independently on multiple data [HPK26]. In this chapter, we will present
how vectorized instructions can speed up these use cases.

5.1. A brief history of vectorized extensions

The concept of applying a single instruction to multiple data elements simultaneously (formally
known as SIMD) predates the personal computer era. The Cray-1 [Rus78], designed by Seymour
Cray and introduced in 1976, was one of the first successful vector processors. It exposed 8
vector registers of 64 double-precision floats each, with dedicated pipelined units that could
operate on entire registers in a single instruction. This made it particularly well-suited to the
dense numerical workloads of scientific computing, but its vector model stayed confined to
high-performance computing for the following decades. The landscape shifted in 1997 when
Intel introduced the MMX extension to consumer CPUs, motivated by the growing demands
of multimedia workloads [PWW97]. MMX exposed 64-bit registers holding multiple packed
integers, establishing the template of the extensions that followed. The main SIMD instruction
set extensions available on modern x86 and ARM CPUs are summarized in Table 5.1 and
Table 5.2 respectively.

Table 5.1.: Main x86 SIMD instruction set extensions [Int26], with desktop adoption from the
Steam Hardware Survey [Val26]1.

Extension Year Width Key operations Adoption
SSE 1999 128 bits Packed single-precision float ~100%
SSE2 2001 128 bits Packed double-precision float +

integers
98.09%

SSE3 2004 128 bits Horizontal add, duplicate loads 98.09%
SSSE3 2006 128 bits Byte shufÒe, abs, sign 98.01%
SSE4.1 2007 128 bits Blend, dot product 97.97%
SSE4.2 2008 128 bits String compare, popcount 97.93%
AVX 2011 256 bits 256-bit float operations 96.93%
AVX2 2013 256 bits 256-bit integers, permute, gather 94.84%
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Extension Year Width Key operations Adoption
AVX-5122 20163 512 bits 512-bit float + int, mask registers,

scatter
21.89%4

Table 5.2.: Main ARM SIMD instruction set extensions [Arm26].

Extension Year Width Key operations Adoption
NEON 2007 128 bits Packed float + integers All
SVE 2016 128–2048 bits5 Vector-length agnostic operations,

per-element masking,
gather/scatter

HPC/server

SVE2 2019 128–2048 bits Complex arithmetic, bit
deposit/extract

HPC/server

5.2. SIMD vectorization in practice

All the SIMD extensions described above (apart from SVE/SVE2) follow the same design: each
wide register is divided into equally-sized lanes of 8–64 bits (e.g. 32 lanes of 8 bits packed in a
256-bit register), and each instruction operates independently on every lane in parallel. Supported
operations include arithmetic (excluding integer division and modulo), bitwise operations and
comparisons. Listing 5.1 and Listing 5.2 show an example computing the sum of 32-bit signed
integers in AVX2 and NEON respectively.

This paradigm enforces two main constraints on algorithm design. First, there is no branching
on individual lane values: the usual workaround is to compute a boolean mask for each lane
and use it to blend the results of two paths6. Second, instructions that combine values across
lanes (known as cross-lane operations) are rare: the main ones are horizontal reductions and
permutations.

One of the main drawbacks of hand-written SIMD code as shown in Listing 5.1 and Listing 5.2
is that it requires a specific implementation for each SIMD extension that we want to support,
making it difÏcult to maintain and reducing portability. However, trusting the compiler to
auto-vectorize our code is not a reliable option either since it can easily break with a minor
change, a new compiler version or a different architecture. A popular alternative is to use portable
SIMD libraries, such as Rust’s portable_simd or wide7, which provide a unified API that is
compiled to the appropriate SIMD extension. An example of a portable SIMD implementation
(supporting both x86 and ARM CPUs) is given in Listing 5.3.

2AVX-512 is a family of sub-extensions. All modern implementations ship F (foundation), BW (byte/word
operations), DQ (doubleword/quadword), and VL (128/256-bit variants of AVX-512 instructions) together.
The Steam survey confirms identical adoption across all four.

3First implemented in 2016 for servers and 2017 for desktop, then completely removed from Intel desktop
processors in 2022 (Alder Lake and its successors). AMD implemented it in 2022 (Zen 4).

4Apart from recent AMD CPUs, AVX-512 is only available for servers, thus explaining the low adoption for
consumer CPUs.

1I was not expecting to cite Steam in my thesis, but here I am.
5While the SVE specification supports up to 2048 bits in theory, it has only been implemented for up to 512 bits

as of today.
6I recommend reading https://en.algorithmica.org/hpc/simd/masking/ for a deeper introduction.
7At the moment, wide is less complete than portable_simd but has the benefit of being stable.
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Listing 5.1 Sum of i32 in AVX2 using 256-bit registers.

let mut sum = _mm256_setzero_si256(); // initialize with 0s
for chunk in slice.chunks(8) { // for each chunk of 8 32-bit ints

let vec = _mm256_loadu_si256(chunk.as_ptr()); // load in a 256-bit register
sum = _mm256_add_epi32(sum, vec); // add each lane to the existing sum

}
let mut res = [0i32; 8];
_mm256_storeu_si256(res.as_mut_ptr(), sum);
return res.iter().sum::<i32>(); // manual horizontal sum of the lanes

Listing 5.2 Sum of i32 in NEON using 128-bit registers.

let mut sum = vdupq_n_s32(0); // initialize with 0s
for chunk in slice.chunks(4) { // for each chunk of 4 32-bit ints

let vec = vld1q_s32(chunk.as_ptr()); // load in a 128-bit register
sum = vaddq_s32(sum, vec); // add each lane to the existing sum

}
return vaddvq_s32(sum); // horizontal sum of the lanes

5.3. The example of memchr

Another instructive example is memchr, which finds the first occurrence of a given byte in a buffer.
A naive scalar implementation, detailed in Listing 5.4, reads one byte per iteration, giving a
throughput of one byte per cycle at best.

On the other hand, an AVX2 implementation, detailed in Listing 5.5, processes 32 bytes per
iteration, following a three-step pattern that recurs in many applications. First, the needle byte
is broadcast across all 32 lanes of a 256-bit register. Second, 32 bytes are loaded from the buffer
and compared against the broadcast register in a single instruction, producing a boolean mask
for equality. Third, the vector mask is collapsed into a scalar bitmask using movemask, which
extracts the most significant bit of each lane in a SIMD register into a 32-bit integer (i.e. one
bit per lane). The position of the first match is then found by counting trailing zeros in the
resulting bitmask.

The performance difference is substantial, approaching a 32× speedup on long strings, which
is precisely why vectorized primitives should be preferred. The broadcast-compare-scan pattern
illustrated here is not specific to memchr. It appears whenever we need to locate a particular
value in a stream of data, which we will extensively use for parsing in the next chapter.
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Listing 5.3 Sum of i32 using portable_simd.

#![feature(portable_simd)]
use std::simd::Simd;

let mut sum = Simd<i32, 8>::splat(0); // initialize with 0s
for chunk in slice.chunks(8) { // for each chunk of 8 32-bit ints

let vec = Simd<i32, 8>::from_slice(chunk); // load in SIMD register
sum += vec; // add each lane to the existing sum

}
return sum.reduce_sum(); // horizontal sum of the lanes

Listing 5.4 Scalar implementation of memchr.

fn memchr_scalar(buf: &[u8], needle: u8) -> Option<usize> {
for (i, &byte) in buf.iter().enumerate() {

if byte == needle { return Some(i); }
}
return None;

}

Listing 5.5 AVX2 implementation of memchr (type conversions and unsafe keywords omitted
for clarity).

fn memchr_avx2(buf: &[u8], needle: u8) -> Option<usize> {
let needles = _mm256_set1_epi8(needle); // broadcast to all 32 lanes
let mut i = 0;
while i + 32 <= buf.len() {

let chunk = _mm256_loadu_si256(buf.as_ptr().add(i));
let cmp = _mm256_cmpeq_epi8(chunk, needles); // compare all 32 lanes
let mask = _mm256_movemask_epi8(cmp); // 1 bit per matching lane
if mask != 0 {

return Some(i + mask.trailing_zeros()); // index of first match
}
i += 32;

}
// handle the <32 remaining bytes manually
return buf[i..].iter().position(|&b| b == needle).map(|j| i + j);

}
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�� Note

This chapter is adapted from Martayan et al. (2026), accepted to RECOMB-Arch 2026
and to be published.

Sequence bioinformatics has always been closely tied to stringology and compression theory,
but connections to algebraic automata have remained comparatively rare. Recent progress
has opened new paths toward high-performance parsers that are both formally grounded and
practically competitive. This chapter explores one such connection, applying these techniques to
the FASTA and FASTQ formats.

The central contribution of this chapter consists of new vectorized algorithms for high-
throughput FASTA/Q parsing, which support on-the-fly detection and handling of non-ACTG
characters, and provide bitpacked representations of the sequence. Formally, given an input
FASTA/Q file, we produce a structured iterator over the (possibly bitpacked) content of each
record. This approach is implemented in Helicase, a Rust library providing a configurable
interface to expose caller-requested fields for each record, avoiding unnecessary computation.
We evaluate our approach on both x86 and ARM architectures. Across all tested scenarios,
Helicase matches or exceeds the throughput of existing single-threaded parsers while maintaining
feature parity. In addition, it provides extended functionality, such as bitpacked sequence
output, without compromising performance. For data already loaded in RAM, Helicase is able
to parse uncompressed short reads at 27 GB/s and long reads at 49 GB/s on an Apple M3
Pro using a single thread, reaching the core memory bandwidth. Our library is available at
https://github.com/imartayan/helicase under a permissive open-source license.

6.1. Background

6.1.1. Description of the formats

FASTA and FASTQ are text-based formats containing a sequence of records.
FASTA records contain two fields: (1) a single-line header starting with > followed by an

optional description and (2) a multi-line ASCII-encoded sequence. The ASCII-encoded sequence
contains A/C/T/G for DNA and other IUPAC codes to indicate ambiguous bases, and can be split
into an arbitrary number of lines until the next record. A FASTA record can be matched with
the following regular expression:

(>[^\n]*\n)⏟⏟⏟⏟⏟
header

(?:[^>]*\n)+)⏟⏟⏟⏟⏟⏟⏟
sequence

(6.1)

FASTQ records contain four fields: (1) a single-line header starting with @ followed by an
identifier and an optional description, (2) a single-line ASCII-encoded sequence, (3) a single-line
separator starting with + optionally followed by an identifier and (4) a quality line of the same
length of the sequence encoding the quality score of each base at the corresponding position.
Compared to FASTA, the ASCII-encoded sequence also contains A/C/T/G and other IUPAC
codes, but cannot be split into multiple lines. The quality line, however, may contain any
character in the ASCII range [33, 126] including @, + or any alphabetic character. Also note that,
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while the quality represents almost 50% of the content of a FASTQ file, it is often discarded
during the analysis.

6.1.2. Efficient parsing

At its core, parsing FASTA and FASTQ files reduces to a lexical analysis problem over large byte
streams. The parser must identify structural delimiters, such as line feeds (\n), header markers
(> and @), and separators (+) and segment the input into records accordingly. Since modern
datasets often reach billions of reads, the dominant cost is no longer algorithmic complexity but
the raw throughput at which these critical positions can be detected.

Reaching a high throughput requires minimizing branching and favoring regular, predictable
computation patterns that can be efÏciently executed on wide data paths. This constraint
naturally shifts the focus from traditional parsing strategies toward approaches that process
the input stream in bulk while limiting branches. Therefore, using vectorization techniques
(introduced in Chapter 5) seems essential to achieve this goal. Moreover, since parsing FASTA/Q
requires searching for multiple markers simultaneously, we will see that relying on multiple calls
to built-in functions like memchr does not fully exploit hardware capabilities.

6.1.3. Existing work

Most state-of-the-art parsers share a pretty similar design. The input file is first split into a
sequence of lines using memchr to locate line feeds (\n). For FASTQ files, counting the lines is
sufÏcient for the parsing logic since each field spans over a single line. For FASTA files, however,
we also need to check the first character of the line to determine if it starts a header (>). This
usually incurs a second check after each memchr match to detect a new record. In particular, both
kseq [Li09] and needletail [One19], two of the most popular parsers in the community, rely
on this approach. According to Heng Li’s biofast benchmark [Li20], needletail is the fastest
single-threaded parser currently available, so this will be the baseline we compare against.

Recent methods focused more specifically on parallelization strategies for parsing [Zha+23]
and decompressing [Pat+25] FASTA/Q inputs. Among these works, RabbitFX [Zha+23] stands
out as the state-of-the-art for parallel parsing of plain and gzipped FASTA/Q. However, since
our work focuses on accelerating the parsing algorithm for a given thread, we will not evaluate
RabbitFX in this chapter.

6.2. (Bitpacked) DNA representations

Depending on the application use case, different DNA representations might be desirable.
Our approach produces three main representations: the traditional ASCII-based one, and two
bitpacked versions (packed and columnar) in which each base is encoded with 2 bits. A convenient
way to encode bases is to extract the second and third lowest bits from their ASCII representation,
as described below:

A C T G

01000001 01000011 01010100 01000111

However, sequences may still contain non-ACTG characters for IUPAC codes that we cannot
bitpack losslessly, so we have to handle them separately. We propose two different ways to solve
this. One solution is to treat non-ACTG characters as splits and only return contiguous chunks
of ACTGs. Another solution is to use a lossy encoding that returns an additional bitmask
marking ambiguous positions with ones (thus requiring 3 bits per base in total).
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6.2.1. Packed format

Once each base is mapped to two bits, an intuitive way to represent the sequence is to pack each
pair of bits consecutively, thus storing 4 bases in one byte. By convention, the first bases are
mapped to the least significant bits and the bytes follow a little-endian order. This bitpacked
representation is probably the most commonly used, and allows simple iteration on the bases by
shifting and masking.

6.2.2. Columnar format

Another way to represent the sequence is to separate the stream of high bits and low bits. With
this approach, 8 bases are stored in two bytes: one for the high bits and the other for the low
bits. This representation maps each base of the sequence to exactly one bit in each part at the
corresponding position, which is convenient for bitmask-based operations. For instance, locating
Ts in the sequence is as simple as intersecting the high bits and the negation of the low bits:

seq G A T T A C A T

hi 1 0 1 1 0 0 0 1
lo 1 0 0 0 0 1 0 0

hi & !lo 0 0 1 1 0 0 0 1

Again, note that the first bases on the left correspond to the least significant bits.

6.3. Streaming the input

Our approach follows three phases of streaming, lexing and parsing: the input is first streamed
to a lexer that provides a tokenization of the stream, which is then fed to a parser to build the
desired output.

The very first step of our algorithm is to stream the input that we want to parse. We
support two main kinds of input: the ones that support random access (e.g. data in RAM
or memory-mapped file) and the ones that have to be consumed sequentially (e.g. file reader
or stdin). In particular, reader-based inputs allow transparent decompression of the data by
detecting compressor-specific signatures (“magic bytes”) at the start of the input. To handle
all these types of input generically, we provide a unifying abstraction that streams the data by
blocks of fixed size (in our case 64 bytes). While streaming these blocks is straightforward for
data in memory and does not require any copy, we need a buffering strategy for reader-based
input to amortize the cost of read syscalls.

The buffering strategy differs depending on the type of output produced. For bitpacked
representations, the input buffer is only needed for tokenization so we simply use a fixed-size
buffer (128 KB by default) and refill it when it is entirely consumed. For the ASCII-based
representation, however, we want to reuse the sequence loaded in the buffer whenever possible
and avoid copies. In that case, we use an adaptive strategy similar to Needletail [One19] or
RabbitFX [Zha+23]. When a record is too large to fit in the current buffer, the size of the buffer
is doubled. In practice, this occurs only for very long sequences such as chromosomes. When
a record overlaps the boundary between two buffer fills, the partial record at the end of the
current buffer is copied to the beginning of the next one before refilling.

6.4. Classifying the input with bitmasks

Unlike traditional lexing/parsing situations, we need to carefully design the structure of the
lexing phase to be fully compatible with vectorized processing. Instead of consuming the input
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and producing lexemes to be consumed later by the parser, the lexing phase will annotate the
stream by producing bitmasks that encompass some information about the input. For instance,
we will produce a bitmask that distinguishes parts of the input that are within the header of a
FASTA record or within the sequence.

Producing bitmasks efÏciently to classify the input is a classic way to produce highly efÏcient
code. For instance, in simdjson [LL19], the lexing phase produces bitmasks for the position of
structural characters in a JSON document. In rsonpath [GMP23], the small programs generating
relevant bitmasks are denoted classifiers, and we will follow this terminology from now on.

Concretely, a bitmask gives a boolean information for each byte of the input. Those bytes
are provided in streaming by blocks of 64 at a time. The goal of a highly performant lexer
is to produce the desired bitmasks as efÏciently as possible, and with the minimal number of
branches. To illustrate this methodology, let us focus on the header bitmask, critical for the
FASTA parsing in Helicase. This bitmask is true for a byte if and only if it belongs to a header
of the document. Formally, it is delimited by the byte > and a line feed without any line feed in
between, as described in Equation 6.1.

input > c h r 1 ↵ C G G A C ↵ A C G T ↵ > c > h ↵ C

header1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0

To construct such a bitmask, it is essential to avoid scanning the input sequentially one byte
at a time. The first step is to identify the relevant byte values in the input stream. Following
the methodology used in memchr, we can efÏciently produce bitmasks (with architecture-specific
implementations discussed later) that mark the occurrences of the characters > and ↵.

The goal is then to derive a bitmask that identifies precisely the bytes located between a > and
a ↵. Remarkably, this can be achieved without iterating over the bytes individually. Instead, the
construction relies on carry propagation during the addition of two bit-vectors. This approach is
efÏcient because modern processors perform additions on 64-bit integers with highly optimized
carry propagation. In particular, the processor’s carry flag enables fast propagation of carries
across successive additions, allowing the required bitmask to be computed with only a few
arithmetic and bitwise operations.

From automata to vectorized programs

It is possible, using the work of [PSS23; Soy23; Ser04], to analyze a given automaton and determine
whether its execution can be expressed solely using bitwise bit-vector operations combined with
addition. An automaton that admits an efÏcient program has several characterizations and
belongs to the class of so-called counter-free automata [MP71]. Although these characterizations
are decidable and conceptually well understood, there is currently no efÏcient implementation
that automatically derives the corresponding vectorized program from the automaton. For small
enough instances such as our lexer, the proof methodology of Paperman et al. [PSS23] can be
applied manually to synthesize such a program.

We can produce a compact representation of the lexing phase through so called vectorial
circuits. Those circuits can be thought of as formulas on bitmasks that can be evaluated on a
given word. The results of the bitmask are the lexing annotations we need. Given a word 𝑢
that we want to parse, we denote by 1> and 1↵ the bitmask of positions where respectively the
symbols > and ↵ occur. The formula to compute the header bitmask is then expressed as follows,
using + to denote an addition propagating the carry from left to right, ¬ to denote bitwise not
and ⊕ to denote bitwise xor:

header ∶= ((1> + ¬1↵) ⊕ ¬1↵) ∨ 1>
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The usage of carry propagation to encode part of the branching originates from Myers [Mye99].
Applying this formula to the previous example, we get the following:

input > c h r 1 ↵ C G G A C ↵ A C G T ↵ > c > h ↵ C

1↵ 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0
1> 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0¬1↵ 1 1 1 1 1 0 1 1 1 1 1 0 1 1 1 1 0 1 1 1 1 0 1

1>+¬1↵

0 0 0 0 0 1 1 1 1 1 1 0 1 1 1 1 0 0 0 1 0 1 1⊕ ¬1↵ 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 1 0∨ 1> 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0

6.5. Implementation of the lexing phase

¸Î Technical section

This section discusses technical details about architecture-specific assembly instructions.

While this formula provides us with the appropriate semantics, implementing it requires a bit
more work since it is interpreted over a stream of 64-bytes blocks. We now describe its concrete
implementation in the lexing phase as a classifier, i.e. an iterator that builds the annotation
on-the-fly.

The first step of the lexing phase is to load the input block into a SIMD register, and to compute
bitmasks for specific characters: \n for FASTQ, and both \n and > for FASTA. Additionally, we
may want to detect non-ACTG bases to split the sequence or mark their positions. Both of these
steps are described in Algorithm 6.1 and rely essentially on vectorized byte-wise comparisons
followed by a movemask.

The movemask instruction, natively supported on x86 since SSE, extracts the most significant
bit of each byte in a SIMD register into a scalar bitmask. However, this instruction is not
available on ARM CPUs, so we have to implement it manually using multiple intrinsics, making
it more expensive than on x86. A relatively efÏcient method to implement it on ARM is to
make use of NEON’s interleaved layout and byte-wise packing1. One benefit of having a manual
implementation is that we can easily adapt it to extract multiple bits from each byte instead of
a single one, which will turn out to be useful for the packed representation.

Algorithm 6.1: Pseudocode to detect newlines and non-ACTG characters.

function IsNewline(𝑣data)𝑣eq ← cmp_eq(𝑣data, 𝑣↵) // test equality between each byte and ↵
return movemask(𝑣eq) // return the corresponding bitmask (1 if equal, 0 otherwise)

function IsACTG(𝑣data)
LUT ← ["A", _, "C", _, "T", _, "G", _] // constant lookup table mapping bits to bases𝑣bits ← 𝑣data & 0b110 // two bits encoding with a trailing zero𝑣lookup ← lookup(LUT, 𝑣bits) // map the bits to ACTG using the lookup table𝑣upper ← 𝑣data & !0b00100000 // uppercase the input𝑣eq ← cmp_eq(𝑣lookup, 𝑣upper) // test equality between uppercased input and lookup
return movemask(𝑣eq)

1https://stackoverflow.com/questions/74722950
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Depending on the type of desired output, we also use the lexing phase to produce a stream of
columnar or packed sequences, both described in Algorithm 6.2. For the columnar representation,
we simply shift each byte by 5 (resp. 6) positions to move the high (resp. low) bit to the beginning
of the byte, which we can then extract using movemask as before. The packed representation,
however, requires different strategies depending on the architecture. On x86, since movemask can
only extract one bit at a time, we essentially reuse the high and low bits from the columnar
format and interleave them. A simple way to interleave the bits is to use the PDEP instruction
available with BMI2. However, this instruction is not supported by old CPUs, and has been
notoriously slow on AMD CPUs until the Zen3 generation because it was microcoded. As a
fallback for this kind of hardware, we also provide an alternative implementation that does the
interleaving step on the bytes before the movemask rather than the bits. On the other hand,
computing packed representations on ARM is much simpler since we can change the movemask
implementation to extract two bits at a time, thus entirely avoiding the interleaving step. Due
to these architectural differences, producing a packed representation is slightly more expensive
than a columnar one on x86.

Algorithm 6.2: Pseudocode for the columnar and packed representations, on x86 and ARM.

function Columnar(𝑣data)𝑣hi ← 𝑣data << 5 // shift the third lowest bit to the beginning of the byte𝑣lo ← 𝑣data << 6 // same for the second lowest bit
return movemask(𝑣hi), movemask(𝑣lo) // movemask only extracts the highest bit of each byte

function Packedx86(𝑣data)𝑣hi ← 𝑣data << 5𝑣lo ← 𝑣data << 6𝑚hi ← movemask(𝑣hi)𝑚lo ← movemask(𝑣lo)
return interleave(𝑚hi, 𝑚lo) // interleave one bit of each mask, usually using PDEP

function PackedARM(𝑣data)𝑣shift ← 𝑣data << 5
return movemask2(𝑣shift) // variant of movemask that extracts the highest two bits together

6.6. Parsing relevant information with a control finite state machine

The parsing stage is implemented as a deterministic control layer operating over the output
of the lexing classifiers. Rather than inspecting input bytes individually, the parser consumes
bitmask summaries associated with fixed-size blocks, where each mask encodes the positions of
structurally relevant symbols such as header markers and DNA characters. This design allows
the parser to advance directly between meaningful positions using bitwise selection, avoiding
per-character control flow.

The control logic for FASTA parsing is structured around a small number of states correspond-
ing to the successive processing steps. Execution begins by locating the start of a header, after
which the header line is consumed. The parser then enters an intermediate phase where it deter-
mines whether the subsequent region corresponds to another header or to DNA content. When a
DNA region is detected, the parser initializes the necessary context and enters a tight processing
loop over contiguous DNA symbols (restricted to A/C/T/G for some bitpacking strategies). This
loop continues as long as the lexical masks indicate valid DNA positions. Upon encountering a
boundary condition, such as a non-DNA symbol, a header marker, or the end of the input, the
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current DNA segment is finalized and control returns to the intermediate phase. On FASTQ,
the structure is similar but since each field spans over a single line, the corresponding states
directly correspond to a given line count modulo 4, making it simpler overall.

All transitions are driven by predicates evaluated over the lexical masks. In practice, the parser
repeatedly queries these masks to locate the next relevant position, using bitwise operations to
identify the first occurrence of a header, DNA symbol or boundary. If no such position exists
within the current block, the parser advances to the next block and repeats the process. As a
result, large regions of unnecessary fields are skipped in constant time per block, and control
decisions are made only at structurally significant locations.

The parser maintains a mutable state associated with the current record and DNA segment.
Depending on the configuration, this state may include ranges for header and quality data,
accumulators for DNA sequences, or alternative encodings such as packed and columnar repre-
sentations. These data structures are updated incrementally during DNA processing and may be
reset or extended when transitioning between segments. Boundary conditions determine when a
DNA segment is considered complete, and user-defined policies control whether segments are
split, merged or filtered.

The parsing stage can also produce events corresponding to record boundaries or DNA
segments. These events are emitted at well-defined points in the control flow, typically when a
new header is encountered or when a DNA segment is finalized. Event generation is entirely
configuration-dependent and does not affect the structure of the control logic.

Overall, the parser follows a two-level organization in which a data-parallel lexing stage exposes
structural information as bitmasks, and a compact control layer reacts to this information through
a small set of states. This separation enables high-throughput streaming by eliminating fine-
grained branching while preserving a simple and predictable execution model.

The parser’s behavior is entirely dictated by a set of configuration parameters processed at
compile time. These parameters control header processing, DNA accumulation strategy (string,
packed, and/or columnar), boundary handling, and event emission. Conceptually, this design
can be understood as generating a distinct parser implementation for each configuration, rather
than a single generic parser containing runtime conditionals.

This approach corresponds to compile-time specialization (often referred to as “monomor-
phization”), where a generic implementation is transformed into multiple concrete variants. In
contrast to designs relying on runtime branching (e.g. if (compute_dna_columnar) ...), each
generated variant contains only the code relevant to the selected configuration, with all other
paths removed during compilation.

6.7. Compile-time configuration and specialization

This specialization extends across both the parsing and lexing phases. Critical functions are
aggressively inlined, and inlining propagates into the lexer itself. As a consequence, lexical
computations that are not required under a given configuration are eliminated at compile time.
For example, when DNA string accumulation is disabled, the corresponding logic for extracting
and storing DNA bases is not generated, and the lexer omits the associated processing entirely.
All the conditions governing buffer management, boundary semantics, and event emission are
thus resolved statically. Each configuration hence produces a specialized instance of the control
automaton in which transitions and associated actions are fixed in advance, with no residual
dynamic branching. At the moment of writing, we provide 13 flags that can each trigger different
behaviors. Altogether, this amounts to 8192 different possible specializations. More specialization
could occur in the future to open the way for more efÏcient code.
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6.8. Results

To evaluate the performance of our approach, we compared it against two state-of-the-art
Rust libraries: Needletail 0.6.3 [One19] and Paraseq 0.4.8 [Tey25]. Needletail is the fastest
single-threaded library to our knowledge, while Paraseq is getting increasingly popular because of
its parallel-friendly design. The benchmarks presented in this section were run using the commit
5557b93 of our library. We measured the throughput of each parser in three main scenarios:
parsing a genome in multiline FASTA format, short reads in FASTQ format and long reads in
FASTQ format. The datasets used are detailed in Table C.1.

Table 6.1.: Description of the benchmarked datasets.

Dataset Format Size # records avg. seq. len. line breaks Link
Human
genome
(CHM13v2.0)

FASTA 3.16
GB

25 125 Mbp every 80 bp 2

PacBio
human
HiFi reads

FASTQ 2.58
GB

92 K 14 Kbp — 3

Illumina
human
short
reads

FASTQ 2.23
GB

4 M 250 bp — 4

The benchmarks are orchestrated through a bash script5, which iterates over all input datasets,
runs the parsers in release mode, and records the results in a CSV file. The compilation is
configured to target the native microarchitecture of each machine, ensuring that the generated
code fully exploits the available CPU features. Multiple parser configurations are evaluated to
capture performance sensitivity to instruction-level differences. Each measurement is averaged
over ten repetitions.

To ensure representative and robust measurements, the benchmarks were deployed across
a wide range of heterogeneous machines available on Grid’5000 [Bal+13] (with different CPU
generations and microarchitectures). Jobs were executed on reserved nodes in isolation from
other workloads, ensuring that no external interference perturbs the results. This setup provides
a broad and controlled view of performance across architectures. For completeness, the same
benchmarks were also run on the author’s personal laptop and desktop systems, allowing
comparison with more conventional environments. A description of all the CPUs used across the
benchmarks can be found in Table B.1 in appendix.

6.8.1. Parsing throughput

The main metric that we evaluated is the throughput of each parser on the different datasets. In
order to have a fair comparison that reflects a typical execution, the performance was measured
when reading the files from disk and are thus subject to more significant I/O bottlenecks than for
data loaded in RAM. Figure 6.1 shows the throughput when parsing a human genome (in FASTA

2https://s3-us-west-2.amazonaws.com/human-pangenomics/T2T/CHM13/assemblies/analysis_set/chm13v2.0.
fa.gz

3https://s3-us-west-2.amazonaws.com/human-pangenomics/NHGRI_UCSC_panel/HG002/hpp_HG002_
NA24385_son_v1/PacBio_HiFi/15kb/m54328_180928_230446.Q20.fastq

4https://s3-us-west-2.amazonaws.com/human-pangenomics/NHGRI_UCSC_panel/HG002/hpp_HG002_
NA24385_son_v1/ILMN/NIST_Illumina_2x250bps/D1_S1_L001_R2_007.fastq.gz

5https://github.com/imartayan/helicase/blob/main/bench/bench.sh
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format) and short reads (in FASTQ format). An additional plot for long reads is available in
Figure B.1 in appendix. For completeness, we also included results on data loaded in RAM
in Figure B.2 and results comparing the throughput of collecting the sequence string and only
counting the number of bases in Figure B.3 in appendix.

When parsing the human genome, Helicase is consistently twice as fast as its competitors
on Intel CPUs, and roughly 50% faster on AMD and ARM CPUs. This trend is confirmed
over all generations of CPUs, from the oldest ones only supporting SSE to those supporting
AVX2 or NEON. We also observe that both bitpacking strategies (columnar and packed) are
competitive with plain string parsing in this setting, which can be explained by the fact that
the string version still has to eliminate the newlines contained in the sequence and thus cannot
be copy-free. As expected given the extra interleaving step it requires, computing the packed
representation is always slightly slower than the columnar one. Our implementation scales better
with newer hardware. On old CPUs (e.g. Xeon X5670, 2010), the throughput is around 1.1
GB/s for Needletail and Paraseq and between 1.4 and 1.6 for variants of Helicase. Meanwhile,
in the latest generation (Xeon Gold 6442Y, 2023), the throughput for Needletail and Paraseq
ranges between 1.3 and 1.4 GB/s while Helicase achieves a throughput ranging from 3.7 to 4.7
GB/s. Hence, and contrary to the baseline, the implementation of Helicase clearly leverages
hardware improvements of the last decade.

When parsing short reads, Helicase is consistently 10-30% faster than Needletail, itself faster
than Paraseq. Compared to the results on the human genome, we observe that the overall
throughput is higher and that the difference between Helicase and Needletail is less pronounced.
This is mainly explained because FASTQ parsing requires less work (keeping track of the line
count is sufÏcient to transition between states) and because the sequence of each record is not
split across multiple lines, thus allowing a zero-copy strategy. On the other hand, bitpacked
configurations do not benefit from this property and are comparatively slower than outputting
plain strings. The results on long reads, shown in Figure B.1 in appendix, are even less
pronounced. Having longer contiguous sequences makes the zero-copy strategy even more
noticeable and file I/O becomes a bigger limitation.

To illustrate the impact of compile-time specialization of the parser, we compared the through-
put of collecting the sequence string for each record against a configuration that only counts
the number of ACTG bases (skipping other IUPAC codes) on the human genome. This com-
parison, presented in Figure B.3 in appendix, confirms that a lighter configuration requirement
successfully produces more efÏcient code.

6.8.2. Number of instructions, cycles and branches per byte

In addition to throughput, we measured the number of instructions, cycles and branches
corresponding to each execution using perf counters, and divided it by the input size to have
uniform values. Since perf counters are not as widely available on macOS, we did not include
Apple CPUs for these metrics. Figure 6.2 shows the number of instructions and cycles per bytes
for each parser on the human genome. Additional plots on short reads are available in Figure B.4
in appendix, as well as plots on the number of branches per byte in Figure B.5 and the number
of branch misses per MB in Figure B.6.

These plots provide many interesting insights on the CPU characteristics and how well each
parser exploits them. First of all, we note that the main factor impacting the number of
instructions is the instruction-set supported by each CPU. This is especially noticeable when
comparing Intel CPUs only supporting SSE (first two Xeon CPUs in Figure 6.2a, prior to 2013)
to those supporting AVX2 afterwards: since SSE vectors are twice as small as AVX vectors,
scanning a given block requires more instructions. When focusing on the packed representation,
we can also observe the shift from microcoded PDEP instructions (first three Epyc CPUs, prior to
2020), which we avoided in favor of a fallback implementation shown in brown, to native PDEP
instructions on AMD CPUs over the years.
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Figure 6.1.: Throughput of each parser for FASTA and FASTQ files read from disk on multiple
CPUs, sorted by manufacturer and year.
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Even though the number of instructions is roughly constant for a given instruction-set, the
number of cycles spent to execute them is not. We observe in Figure 6.2b a decrease in the
number of cycles over the years, reflecting the continuous improvements of CPU manufacturers.
However, we can also notice that while Helicase has a number of instructions similar to Needletail,
it uses significantly less cycles. This suggests that our implementation relies on instructions
that the CPUs evaluate in parallel, making a better use of vectorized instructions, and therefore
allows a good pipelining strategy. Finally, the results on the number of branches (shown in
Figure B.5 in appendix) confirm that Helicase successfully eliminates more branches with our
vectorization strategy.

6.9. Conclusion

We presented Helicase, a high-throughput Rust library for parsing FASTA and FASTQ files that
exploits SIMD vectorization to maximize single-threaded throughput on both x86 and ARM. At
the core of our approach is a vectorized lexing stage based on bitmask classifiers derived from the
theory of counter-free automata [PSS23; Ser04]. Rather than scanning the input byte by byte,
the lexer annotates 64-byte blocks in parallel using carry-propagating arithmetic and bitwise
operations, fusing the detection of all structural markers into a single pass. The parser is then
structured as a finite state machine over these bitmasks, and specialized at compile time to only
contain the code paths relevant to the requested fields. Helicase is able to produce on-the-fly
DNA bitpacking for two compact representations: a packed format and a columnar format
that separates the high and low bits, with non-ACTG characters handled either as segment
boundaries or via a lossy encoding with an additional ambiguity mask. We also interfaced
Helicase with the existing libraries developed for SimdMinimizers [GM25], to support efÏcient
k‑mer hashing and minimizer computation for the packed format. In particular, we will discuss
in the next chapter how packed representations can be used to accelerate rolling hashes.

We evaluated Helicase on a wide collection of CPUs, deployed reproducibly on Grid’5000. On
FASTA genome parsing, Helicase is up to 2× faster than Needletail on Intel CPUs and 50%
faster on AMD and ARM, while matching or exceeding it on all FASTQ workloads. For data
loaded in RAM, Helicase reaches the core memory bandwidth (49 GB/s on an Apple M3 Pro for
long reads), confirming that the vectorized design successfully eliminates the parsing overhead
as a bottleneck.

A number of avenues remain to extend and improve our approach. On the memory management
side, DNA records are currently stored entirely in main memory, which is sufÏcient for most
organisms but may fall short for certain species whose chromosome sizes exceed human genome
standards by an order of magnitude [Sch+24]. As such large genomes accumulate through
ambitious sequencing programs [Pen17], introducing a configurable buffer size to process DNA
records under memory constraints is a natural next step. On the hardware side, implementing
a version optimized for AVX-512 could provide substantial performance gains on latest CPUs.
Parallelization is another important direction: since Helicase processes a file as a single stream,
one could instead partition the input into multiple chunks and assign each to a separate reader,
avoiding the synchronization overhead of a producer-consumer model. On the algorithmic side,
there is potential to further exploit the columnar DNA representation by designing specialized
algorithms for k‑mer generation and hashing or pattern matching.

In addition to FASTA and FASTQ, Helicase could also be extended to parse annotations in
GFF and GTF formats efÏciently. Another extension involves packaging Helicase for interpreted
languages such as Python and JavaScript. While this would broaden accessibility, it introduces
challenges related to managing the configuration state and controlling runtime code size. Finally,
building additional tooling on top of the core library, such as utilities for format conversion,
filtering or statistics, would further integrate Helicase into everyday workflows.
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Figure 6.2.: Instructions and cycles per byte on multiple CPUs, sorted by manufacturer and
year.
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�� Note

This chapter is partially adapted from Groot Koerkamp and Martayan (2025), accepted to
SEA 2025 and published in LIPIcs.
Ragnar Groot Koerkamp designed the initial AVX2 implementation, which we then im-
proved and turned into the packed-seq and seq-hash libraries together. The paper itself
has equal contributions from both of us. The analysis of NtHash biases is my own later
work, and is not part of the original publication.

We’ve seen in Chapter 6 how to parse and bitpack sequences efÏciently. Hashing their content,
in particular the k‑mers they contain, is one of the most common operations in sequence analysis.
In this chapter, we will focus on rolling hashes, which are especially well-suited for this task,
and see how far we can optimize them.

7.1. Rolling hashes and their properties

The concept of rolling hash (or recursive hash) was first introduced by Karp and Rabin [KR87]
for pattern matching. Its purpose is to efÏciently compute a hash over a sliding window of
integers, without having to rehash the content of the entire window as it shifts.

Karp and Rabin [KR87] defined their rolling hash as follows: given a large prime number 𝑝
and 𝑟 ∈ [2, 𝑝), 𝐻(𝑥0 … 𝑥𝑘−1) = 𝑘−1∑𝑖=0 𝑟𝑘−1−𝑖𝑥𝑖 mod 𝑝
7.1.1. Constant-time updates

The most important property of rolling hashes is that removing the first value of the window
and adding a new value at the end only requires a constant-time update to the hash.

To remove 𝑥0, we can simply subtract the corresponding term:𝐻(𝑥1 … 𝑥𝑘−1) = 𝐻(𝑥0 … 𝑥𝑘−1) − 𝑟𝑘−1𝑥0 mod 𝑝
Note that, assuming the window size 𝑘 is known in advance, 𝑟𝑘−1 can be precomputed once.
Similarly, to append a new value 𝑥𝑘, we can shift the previous values by one position to the left
by multiplying by 𝑟 before adding the new term:𝐻(𝑥1 … 𝑥𝑘) = 𝐻(𝑥1 … 𝑥𝑘−1) ⋅ 𝑟 + 𝑥𝑘 mod 𝑝

By combining these two operations, we can compute the hashes of sliding windows in a text𝑇 in O(|𝑇 |) regardless of the window size. In the context of bioinformatics, this is especially
useful for hashing k‑mers, including large ones that would not fit in a native integer.
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7.1.2. Merging and splitting hashes

Another useful property is that the hashes of two sequences 𝑢 and 𝑣 can be merged in constant
time: 𝐻(𝑢𝑣) = 𝐻(𝑢) ⋅ 𝑟|𝑣| + 𝐻(𝑣)
And the same relation can be used to remove any prefix of a given hash:𝐻(𝑣) = 𝐻(𝑢𝑣) − 𝐻(𝑢) ⋅ 𝑟|𝑣|
In particular, the merging property can be used to parallelize the hash computation of a large
sequence by dividing it into chunks, hashing them in parallel and merging the resulting hashes.

7.1.3. Hashing arbitrary substrings using prefixes

While rolling hashes are traditionally used to hash fixed-sized windows, we can also use them to
compute the hashes of arbitrary substrings.

One way to achieve this is to compute the hashes of every prefix of the text 𝑇 and then use
the splitting property to subtract the corresponding prefixes:𝐻(𝑇 [𝑖, 𝑗)) = 𝐻(𝑇 [0, 𝑗)) − 𝐻(𝑇 [0, 𝑖)) ⋅ 𝑟𝑗−𝑖
This technique allows any substring of 𝑇 to be hashed in constant time, at the cost of preindexing
the prefix hashes in O(|𝑇 |) time and space.

7.2. NtHash and its variants

7.2.1. Cyclic polynomial hashing

One of the drawbacks of Rabin-Karp hashing is that it requires multiplying and computing a
modulo for every update, which is quite expensive compared to other operations1. Cohen [Coh97]
proposed an alternative rolling hash, based on cyclic polynomials, that replaces the multiplication
by a bitwise left rotation (denoted rol) and the addition by an exclusive or (denoted ⊕):𝐻(𝑥0 … 𝑥𝑘−1) = 𝑘−1⨁𝑖=0 rol𝑘−1−𝑖(ℎ(𝑥𝑖))
Note that each 𝑥𝑖 is replaced by a seed value ℎ(𝑥𝑖), typically computed using a lookup table, to
have a better distribution of the bits.

Using this definition, we have𝐻(𝑥1 … 𝑥𝑘−1) = 𝐻(𝑥0 … 𝑥𝑘−1) ⊕ rol𝑘−1(ℎ(𝑥0))
and 𝐻(𝑥1 … 𝑥𝑘) = rol(𝐻(𝑥1 … 𝑥𝑘−1)) ⊕ ℎ(𝑥𝑘)
Again, assuming the window size 𝑘 is known in advance, rol𝑘−1(ℎ(⋅)) can be precomputed and
stored in a separate lookup table.

1Computing a modulo requires doing a division which is typically an order of magnitude slower than bitwise
operations.
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7.2.2. NtHash and MulHash

NtHash [MCVB16] is a direct adaptation of cyclic polynomial hashing, specialized for the DNA
alphabet A/C/T/G. The main benefit is that since the lookup table only needs to store 4 hashes, it
can fit in a 128-bit (resp. 256-bit) register for 32-bit (resp. 64-bit) hashes, making it convenient
for vectorization. A scalar implementation of ntHash is detailed in Algorithm 7.1.

Another variation, introduced as MulHash in [GM25], is to replace the lookup table by a
simple multiplication: ℎ(𝑥𝑖) = 𝐶 ⋅ 𝑥𝑖 where 𝐶 is a fixed random constant. This approach is
slightly slower than a lookup table for small alphabets, but faster for larger alphabets such as
ASCII inputs.

Algorithm 7.1: Scalar pseudocode for ntHash.

function ntHash(𝑘, in_out) // in_out iterates over (last bp, first bp) of each k-mer𝑇in ← [ℎ(A), ℎ(C), ℎ(T), ℎ(G)] // static lookup tables𝑇out ← [rol𝑘−1(ℎ(A)), rol𝑘−1(ℎ(C)), rol𝑘−1(ℎ(T)), rol𝑘−1(ℎ(G))]𝐻 ← 0
for (in_bp, _) in in_out[0 ∶ 𝑘 − 1] do // no out_bp in the first 𝑘 − 1 iterations𝐻 ← rol(𝐻) // implemented as 𝐻 ← (𝐻 ≪ 1 | 𝐻 ≫ 31)𝐻 ← 𝐻 ⊕ table_lookup(𝑇in, in_bp)
for (in_bp, out_bp) in in_out[𝑘 − 1 ∶] do // 2-bit bp coming in and out of each k-mer𝐻 ← rol(𝐻)𝐻 ← 𝐻 ⊕ table_lookup(𝑇in, in_bp)

yield 𝐻𝐻 ← 𝐻 ⊕ table_lookup(𝑇out, out_bp)
7.2.3. Reverse-complement and canonical hashing

This definition of rolling hashes is also convenient to hash the reverse-complement of a sequence.
Since we process the values in a reverse order, we can simply change the direction of rotation:𝐻(𝑥0 … 𝑥𝑘−1) = 𝑘−1⨁𝑖=0 rol𝑖(ℎ(𝑥𝑖))
In that case, we have 𝐻(𝑥1 … 𝑥𝑘−1) = ror (𝐻(𝑥0 … 𝑥𝑘−1) ⊕ ℎ(𝑥0))
and 𝐻(𝑥1 … 𝑥𝑘) = 𝐻(𝑥1 … 𝑥𝑘−1) ⊕ rol𝑘−1(ℎ(𝑥𝑘))
where 𝑥𝑖 denotes the complement of 𝑥𝑖 and ror denotes a bitwise right rotation.

Since we can easily maintain the hash of both a sequence and its reverse-complement, we
can add both hash values to obtain a canonical hash: 𝐻 = 𝐻 + 𝐻. Note that any symmetric
operation could work here, but something like a min would introduce a bias in the high bits.

7.3. Vectorized implementation of ntHash

Because it only relies on bitwise operations and has no branches, Algorithm 7.1 is a good
candidate for vectorization. In order to make full use of the 256-bit registers available on most
x86 CPUs, our goal in this section will be to compute 8 32-bit hashes at the same time. The
main limitation here is that rolling hashes are inherently sequential: each hash value is updated
from the hash of the previous window. Therefore, instead of computing 8 consecutive hashes, we
focus on computing 8 independent hashes together.
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7.3.1. Parallel iteration on a packed input

As input to our algorithm, we use the 2-bit packed sequence representation as described in
Section 6.2. Since we want to compute 8 independent hashes, we first split the sequence into 8
chunks and assign each chunk to a dedicated lane of a SIMD register. Note that the chunks
overlap by 𝑘 − 1 bases so that each window of size 𝑘 is processed once. In order to have the
content of each chunk available in separate lanes, we load one 256-bit register per chunk and
perform a transpose operation2. Once each chunk is loaded in a separate lane, we can iterate
over the bases of each chunk simultaneously by shifting and masking the bottom 2 bits of each
lane. The entire iteration pipeline is illustrated in Figure 7.1.

sequence 

overlap of 
Split into  chunks

buffer of
 bp

2-bit bp 32 bits = 16 bp
Shift down and read the bottom 2 bits of each lane

...

Transpose the 32-bit blocks

Figure 7.1.: Overview of parallel iteration on a packed sequence, each color corresponds to a
SIMD lane associated to a given chunk. Note that while the figure shows 𝐿 = 4
lanes, we use 𝐿 = 8 lanes in practice for 256-bit registers.

This routine for parallel iteration over packed sequences is available in a Rust library named
packed-seq.

7.3.2. Vectorized operations and table lookups

Using this approach for parallel iteration, we produce two iterators for the bases coming in and
out of each k‑mer. We can then reuse Algorithm 7.1 and replace each scalar operation with the
corresponding vectorized operation on 8 lanes. The main difference is for the table_lookup that
computes ℎ(𝑥𝑖) or rol𝑘−1(ℎ(𝑥𝑖)) for each lane, which we implemented using _mm256_permutevar_ps
in AVX2 and vqtbl1q_u8 in NEON. Our vectorized implementation of ntHash and MulHash,
built on top of packed-seq, is available in the seq-hash Rust library.

7.3.3. Performance

To evaluate the performance gain brought by vectorization, we measured the throughput of
different hashing methods on x86 and ARM. We benchmarked 5 hashing methods in Rust (script
available at https://github.com/imartayan/nthash-bias/blob/main/src/bin/throughput.rs):

• iterating over ASCII-encoded k‑mers (slice of 31 bytes) and hashing them with rapidhash3

v4.4.1 (which is one of the fastest hashes for slices of bytes)
• iterating over bitpacked k‑mers (stored in a u64) with packed-seq and hashing them with

fxhash4 v2.1.2 (which is one of the fastest hashes for native integers)
• ntHash implementation from the nthash5 crate v0.5.1
• our implementation of ntHash (seq-hash v0.1.2)

2https://stackoverflow.com/questions/25622745
3https://docs.rs/rapidhash/latest/rapidhash/
4https://docs.rs/rustc-hash/latest/rustc_hash/
5https://docs.rs/nthash/latest/nthash/, not to be confused with nthash-rs which is much slower
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• our implementation of mulHash (seq-hash v0.1.2)

The results are reported in Table 7.1. Note that enabling the most aggressive compiler
optimizations (lto="fat" and codegen-units=1) has a big impact on the throughput, especially
for the nthash crate.

Table 7.1.: Throughput of different hashing methods on x86 and ARM using a single thread,
best in bold.

Implementation
Throughput on Xeon Gold
6430 (x86)

Throughput on Apple M1
(ARM)

ASCII seq + rapidhash 0.47 Gbp/s 0.65 Gbp/s
packed-seq + fxhash 0.71 Gbp/s 1.25 Gbp/s
nthash crate 1.03 Gbp/s 1.00 Gbp/s
seq-hash ntHash 2.65 Gbp/s 2.28 Gbp/s
seq-hash MulHash 2.39 Gbp/s 2.30 Gbp/s

Overall, our vectorized implementation is 2.3–2.6× faster than the existing ntHash implemen-
tation, and is the fastest option among evaluated methods. We can also notice that using a
packed input also benefits non-rolling hashes since the input is 4× smaller.

7.4. Breaking ntHash

While ntHash is clearly not meant to be a cryptographic hash, it still has some flaws that can
also happen in non-adversarial use cases.

7.4.1. Forging and propagating collisions

The first observation we can make is that it’s very easy to create collisions when the window size𝑘 is larger than the number of bits in the hash (which is not so surprising because the function
cannot be injective in this case). Assuming we are still using 32-bit hashes, any pair of bases
that are 32 (or any multiple of 32) positions apart will end up with the same rotation (since
rotating by 32 is equivalent to not rotating at all). Therefore, for any 𝛼, 𝛽 ∈ Σ and 𝑢 ∈ Σ31,𝐻(𝛼 ⋅ 𝑢 ⋅ 𝛽) = 𝐻(𝛽 ⋅ 𝑢 ⋅ 𝛼)
and similarly 𝐻(𝛼 ⋅ 𝑢 ⋅ 𝛼) = 𝐻(𝛽 ⋅ 𝑢 ⋅ 𝛽) = rol(𝐻(𝑢))
This issue is discussed in ntHash2 [Kaz+22], where the authors suggest to replace the rol
operation with srol, which divides the 64-bit hash into a 31-bit and a 33-bit part and rotates
them independently. While this operation is more expensive to compute, it has a period of 1023
instead of 32, thus limiting these specific collisions to 𝑘 ≥ 1024.

Something more problematic is that, because of the merging property (described in Sec-
tion 7.1.2), if for some word size 𝑛 we have a collision for 𝑢 ≠ 𝑣 ∈ Σ𝑛, it will create Σ𝑘−𝑛
collisions for each word size 𝑘 ≥ 𝑛:∀𝑢, 𝑣 ∈ Σ𝑛, ∀𝑥, 𝑦 ∈ Σ∗, 𝐻(𝑢) = 𝐻(𝑣) ⟹ 𝐻(𝑥 ⋅ 𝑢 ⋅ 𝑦) = 𝐻(𝑥 ⋅ 𝑣 ⋅ 𝑦)

Therefore, it is especially important to avoid collisions for small words. Ragnar Groot
Koerkamp described on his website6 a method to select the seed values ℎ(𝑥𝑖) to avoid collisions
in 64-bit hashes for 𝑘 ≤ 32. His solution is essentially to define ℎ(T) as ℎ(A) ⊕ ℎ(C) ⊕ ℎ(G) and
to adjust the other three values to obtain an invertible system.
6https://curiouscoding.nl/posts/nthash/
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7.4.2. Bias on the leading zeros

A very common use case of rolling hashes in bioinformatics is to hash every k‑mer and select those
with “small” hashes as representatives. For instance, this is extensively used in MinHash-based
sketching techniques (presented in Chapter 3) or in random minimizers (presented in Chapter 4),
which we will discuss in more detail in the next chapter.

These techniques generally assume that the hash values are independent and uniformly
distributed. Under these assumptions, every k‑mer has a probability 2−𝑛 that its hash starts with
at least 𝑛 zeros. So if we define “small” as starting with 𝑛 zeros, the distance between “small”
k‑mers roughly follows a geometric distribution (this is not exactly true because of repeated
k‑mers, though this is negligible for a large k).

Unfortunately, I noticed that the empirical distribution I had in my experiments7 was not
quite geometric, and that the repartition of “small” k‑mers was skewed. I observed in particular
that the number of leading zeros for a given k‑mer was very correlated with the number of
leading zeros of the neighboring k‑mers, thus invalidating both independence and uniformity
assumptions.

To document this behavior, I computed the number of leading zeros for every k‑mer hash in
a large random sequence (4 billion bases), and measured the probability that two consecutive
k‑mers transition from 𝑖 leading zeros to 𝑗 leading zeros. These experiment scripts are available
at https://github.com/imartayan/nthash-bias.

Figure 7.2 contains two visualizations of this transition probability. The first one (Figure 7.2a)
shows the raw probability of each transition: each line corresponds to the current number of
leading zeros, while each column corresponds to the next value. The second one (Figure 7.2b)
shows the ratio between this probability and the expected probability for a geometric distribution:
blue when less than expected, white when matching the expectation and red when more than
expected.
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Figure 7.2.: Leading-zero bias with R = 1 on a random sequence using k = 31.

The first thing that we can notice in Figure 7.2a is that many of the cells are actually empty,
meaning that the corresponding transition is simply not observed. While this is not very
surprising for the bottom-right half of the matrix simply because of sample size (remember that
a transition from 𝑖 to 𝑗 has a probability proportional to 2−(𝑖+𝑗) in theory), it is much more
surprising to see empty rows or columns interleaved with non-empty ones (see columns 3, 5, 6

7documented at https://github.com/imartayan/pfp-distribution
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7. Rolling hashes on sequences

and rows 4, 6, 7). In particular, this implies that after observing a hash with exactly 4 leading
zeros, the hash next to it will always have at most 3 leading zeros. Conversely, a hash with
exactly 3 leading zeros can only be observed after at most 4 leading zeros. Figure 7.2b allows
us to put these probabilities into perspective with the expected ones. While the first rows and
columns mostly match the expectations, the missing transitions in blue are compensated by
overrepresented ones in red. Notably, after observing a hash with at least 9 leading zeros, the
probability of having exactly 7 leading zeros next to it is 16× higher. This creates an interesting
dynamic where small hashes with at least 9 leading zeros are likely followed by 7 leading zeros,
which are then followed by at most 6 leading zeros.

Even though this phenomenon is difÏcult to explain, the offset of one between the missing
rows and columns made me conjecture that it is related to the 1-bit rotations performed at each
step. To verify this hypothesis, I introduced variations of ntHash where the 1-bit rotations are
replaced by R-bit rotations. This does not cause any problem as long as R is odd (since R and
32 need to be coprime) and does not affect performance, but simply shufÒes the rotation offsets
at each step. Figure 7.3 shows the results obtained for R = 7 while Figure 7.4 shows the results
for R = 13.
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(a) Leading-zero transition for R = 7.
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(b) Bias relative to a geometric distribution for R =
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Figure 7.3.: Leading-zero bias with R = 7 on a random sequence using k = 31.

Interestingly, R does have an impact on the offset between biased rows and columns: in
Figure 7.3b we observe a pattern starting at (𝑖, 𝑗) = (8, 1) while in Figure 7.4b we observe
two patterns starting at (𝑖, 𝑗) = (14, 1) and (𝑖, 𝑗) = (0, 19) respectively (note that 19 = −13
mod 32), which confirms the 𝑖 − 𝑗 = 𝑅 mod 32 conjecture. One practical benefit of shifting the
biased rows and columns is that their probability drastically drops, making them less concerning
in practice and leading to a more regular transition matrix, as illustrated in Figure 7.3a and
Figure 7.4a. As a result, I recommend using R = 13 or 15 by default to reduce the bias (and we
implemented a similar fix in seq-hash).

7.5. Toward minimizer computation

The vectorized hashing routines developed in this chapter feed directly into Chapter 8, where we
use the resulting stream of k‑mer hashes to extract minimizers efÏciently.
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(a) Leading-zero transition for R = 13.
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Figure 7.4.: Leading-zero bias with R = 13 on a random sequence using k = 31.
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�� Note

This chapter is adapted from Groot Koerkamp and Martayan (2025), accepted to SEA
2025 and published in LIPIcs.
Ragnar Groot Koerkamp designed the initial AVX2 implementation, which we then im-
proved and turned into the simd-minimizers library together. The paper itself has equal
contributions from both of us.

Chapter 7 covered efÏcient implementations of rolling hashes, allowing us to hash k‑mers at
high throughput. These k‑mer hashes are then typically used to partition or select representative
k‑mers. One major such application is computing random minimizers (introduced in Chapter 4):
for each window of w consecutive k‑mers, we select the smallest k‑mer given a pseudo-random
order defined by hash values.

In this chapter, we focus on computing random minimizers as efÏciently as possible. More
precisely, we are interested in finding the starting positions of random minimizers in a sequence,
from which we can extract the minimizers themselves. We will first focus on computing forward
minimizers (without taking reverse-complement into account) for simplicity, and later describe a
solution for canonical minimizers in Section 8.3. Our implementation of the vectorized algorithm
discussed in Section 8.4 is available in the simd-minimizers Rust library.

The computation of random minimizers is divided in three main steps, illustrated in Figure 8.1.
First each k‑mer of the input string (corresponding to horizontal lines in the figure) is hashed to
a 32-bit integer (value above each line) using a rolling hash as presented in Chapter 7. Then,
for each window of w consecutive k‑mers, we find the absolute position of its smallest hash: for
instance the fourth window in the figure, highlighted in yellow, has a smallest hash equal to 12
starting at position 5 (zero-based). Finally, the resulting minimizer positions are deduplicated.

8.1. Existing algorithms for sliding windowminimum

Assuming that we have computed the hash values, our problem becomes a sliding window
minimum. Given a sliding window of w values (in our case k‑mer hashes), we want to output the
position of its smallest value (breaking ties with the leftmost one). Many approaches can be
used to solve this problem, here we will focus on three common ones: the “naive” algorithm,
the “rescan” algorithm and the monotone queue algorithm. A summarized comparison of these
three algorithms is given in Table 8.1.

8.1.1. Naive approach

The simplest approach is to simply loop over the w values in each window independently, as
described in Algorithm 8.1. This takes O(𝑛𝑤) time, where 𝑛 denotes the total number of values,
but has the benefit of being branchless and can still be quite efÏcient when w is small by using
vectorized instructions.
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8. Vectorized computation of minimizers

Figure 8.1.: Overview of the main steps to compute random minimizers, for 𝑘 = 5 and 𝑤 = 4.
Algorithm 8.1: Naive algorithm for sliding window minimum.

function Naive(𝑤, vals)
for 𝑖 in {0, … , |vals| − 𝑤} do

yield argmin{vals[𝑖], … , vals[𝑖 + 𝑤 − 1]}
8.1.2. Monotone queue

A solution with better complexity, detailed in Algorithm 8.2, is to use a monotone queue, which
stores a non-decreasing subsequence of the w hashes, alongside their positions. Every time the
window slides one to the right and we are about to push a new k‑mer hash onto the right of
the queue, we first remove any values larger than it, as they are “shadowed” by the new hash
and can never be minimal anymore. The minimum of the window is then always the leftmost
queue element. This data structure guarantees an amortized constant time update, but has
many unpredictable branches due to removing between 0 and w values, which makes it costly in
practice. Because of this constant-time guarantee, monotone-queue based approaches have been
adopted by tools such as Bifrost [HM20].

Algorithm 8.2: Monotone queue algorithm for sliding window minimum.

function MonotoneQueue(𝑤, vals)
queue ← empty DoubleEndedQueue
for 𝑖 in {0, … , |vals| − 1} do

if queue.front().pos + 𝑤 ≤ 𝑖 then
queue.pop_front()

while queue.back.val > vals[𝑖] do
queue.pop_back()

queue.push_back(val ← vals[𝑖], pos ← 𝑖)
if 𝑖 ≥ 𝑤 − 1 then

yield queue.front().pos
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8.1.3. Rescan

Another approach used in bioinformatics is to only keep track of the minimum value and rescan
the entire window of 𝑤 values when the current minimum goes out of scope, as described in
Algorithm 8.3. This method was notably popularized by minimap2 [Li18]. While this algorithm
does not guarantee a worst-case constant time update, it only branches when the minimum goes
out of scope and hence is more predictable. This makes it more efÏcient in practice, especially
since minimizers typically have a density of O(1/𝑤) so that the O(𝑤) rescan step takes amortized
constant time per element.

Algorithm 8.3: Rescan algorithm for sliding window minimum.

function Rescan(𝑤, vals)
min_val ← +∞
min_pos ← 0
for 𝑖 in {0, … , |vals| − 1} do

if vals[𝑖] < min_val then
min_val ← vals[𝑖]
min_pos ← 𝑖

if min_pos + 𝑤 ≤ 𝑖 then
min_pos ← argmin{vals[𝑖 − 𝑤 + 1], … , vals[𝑖]}
min_val ← vals[min_pos]

if 𝑖 ≥ 𝑤 − 1 then
yield min_pos

Table 8.1.: Comparison of the naive, rescan and monotone queue sliding window minimum
algorithms.

Algorithm Time complexity Branches
Naive O(𝑛𝑤) worst-case branchless
Rescan O(𝑛𝑤) worst-case, O(𝑛) on average branch for each rescan

Monotone queue O(𝑛) worst-case branch for each update

8.2. A branchless linear algorithm using two stacks

8.2.1. The two-stacks algorithm

Ideally, we would like to design an algorithm that has both a O(𝑛) worst-case complexity (like
the monotone queue) and no unpredictable branches (like the naive approach). The two-stacks
method [HST17; TKPP18], well-known in the competitive programming community1, allows us
to compute online sliding minima where elements may be added and removed at varying rates.
Here, we only discuss a version where the number of elements remains constant at 𝑤.

Conceptually, we first split the sequence of input k‑mer hashes into blocks of size 𝑤, as shown
in Figure 8.2. Then, we can compute both prefix minima and sufÏx minima of each block in
O(𝑤) per block, or O(1) amortized per input hash. Now, any window of size 𝑤 can be split
into a sufÏx of the previous block and a prefix of the current block (as highlighted in yellow in
Figure 8.2), and we can return the minimum of the two corresponding sufÏx/prefix minima.
When the window exactly coincides with a block (as shown on the right), the sufÏx and prefix
minimum are equal.
1https://codeforces.com/blog/entry/71687
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Figure 8.2.: An example showing how sliding-window minima can be computed for windows of
size 𝑤 = 4. The first window highlighted in yellow overlaps two blocks and has 5 as
sufÏx minimum and 1 as prefix minimum. The second highlighted window coincides
with a block and has 3 as sufÏx and prefix minimum.

In the implementation, detailed in Algorithm 8.4, the prefix minima are simply computed
incrementally, while the sufÏx-minima are computed in batches after every block of 𝑤 hashes
has been filled. This way, a single buffer of size 𝑤 is needed and the two cases above are unified.
The only branch in the algorithm triggers exactly every 𝑤 iterations, and is thus completely
data-independent and predictable.

Algorithm 8.4: Two-stacks algorithm for sliding window minimum.

function TwoStacks(𝑤, vals)
prefix_min ← MAXINT
suffix_min ← buffer of size 𝑤 filled with MAXINT𝑗 ← 0 // Current index in the buffer.
for 𝑖 in {0, … , |vals| − 1} do

prefix_min ← min(prefix_min, vals[𝑖])
suffix_min[𝑗] ← vals[𝑖] // Write the current value into the buffer.𝑗 ← 𝑗 + 1
if 𝑗 = 𝑤 then // When the buffer is full, recompute sufÏx minima.𝑗 ← 0

prefix_min ← MAXINT
for 𝑘 in {𝑤 − 2, 𝑤 − 3, … , 0} do

suffix_min[𝑘] ← min(suffix_min[𝑘], suffix_min[𝑘 + 1])
if 𝑖 ≥ 𝑤 − 1 then // Skip the first 𝑤 − 1 incomplete windows.

yield min(prefix_min, suffix_min[𝑗])
8.2.2. Combining hashes and positions

Since we want to return the leftmost position of the minimum and not the minimum itself, we
need to keep track of the positions alongside values. While we could simply store value-position
tuples in the buffer, what we do in practice is that we only use the upper 16 bits of each hash
value and store the position in the lower 16 bits. This way, taking the minimum still prioritizes
the smallest values and breaks ties in favor of the leftmost occurrence as expected. Since the
position is stored using 16 bits, strings longer than 216 characters are processed in chunks of 216.
We note here that while using a 16-bit hash is usually not sufÏcient for k‑mer indexing purposes,
this is sufÏciently good for selecting the minimum of a window when 𝑤 ≪ 216, which is typically
the case in bioinformatics applications. We intentionally do not expose this hash to the user,
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and recommend instead to compute a second larger hash for indexing purposes if needed.

8.3. Computing canonical minimizers

The algorithm we described so far does not take reverse-complement into account. However,
in many applications, we want a sequence and its reverse-complement to output the same
result. To satisfy this constraint, canonical minimizers should return the same set of k‑mers
regardless of the orientation of the input. Specifically, if the canonical minimizer of a window𝑊 is at position 𝑝, then the canonical minimizer of the reverse-complement of 𝑊 should be at
position |𝑊| − 𝑘 − 𝑝 = 𝑤 − 1 − 𝑝. In practice, canonical minimizers are often overlooked as an
implementation detail and most existing methods simply compare canonical k‑mers, computed
as ̂𝑥 = min(𝑥, rc(𝑥)), which gives a weaker guarantee [MEK24].

The first step is to adapt the hash function so that a k‑mer and its reverse-complement are
always hashed to the same value. For rolling hashes, this can easily be achieved using the method
described in Section 7.2.3.

Following [PR24], we define the canonical strand for each window of length ℓ = 𝑤 + 𝑘 − 1 as
the strand where the count of GT bases2 (encoded as 11 and 10 respectively) is the highest, as
shown in Algorithm 8.5. This count is in [0, ℓ] and when ℓ is odd there can be no tie between the
two strands. In code, we instead compute the more symmetric #GT − #AC = 2#GT − ℓ, which is
in [−ℓ, ℓ], so that count > 0 defines the canonical strand. Then, we select the leftmost forward
minimizer when the window is canonical, and the rightmost reverse-complement minimizer when
the window is not canonical.

Algorithm 8.5: Counting #GT− #AC. It can never be 0 when ℓ is odd, and a window is canonical
if this is positive.

function canonical(𝑤, 𝑘, in_out) // in_out iterates pairs (last bp, first bp) of each window.ℓ ← 𝑤 + 𝑘 − 1 // Window length, it must be odd to guarantee canonicity.𝑐 ← −ℓ // Count #GT − #AC, starting at −ℓ and adding/subtracting 2 for each G or T.
for (in_bp, _) in in_out[0 ∶ ℓ − 1] do // The first ℓ − 1 iterations, there is no out_bp.𝑐 ← 𝑐 + (in_bp & 2)
for (in_bp, out_bp) in in_out[ℓ − 1 ∶] do // 2-bit bp coming in and out of each window.𝑐 ← 𝑐 + (in_bp & 2)

yield 𝑐 > 0 // A window is canonical if #GT > #AC.𝑐 ← 𝑐 − (out_bp & 2)
The benefit of this method over, say, determining the strand via the middle character (assuming

again that ℓ is odd), is that the GT count is more stable across consecutive windows, since it
varies by ±1. This way, the strandedness and thus the chosen minimizer is less likely to flip
between adjacent windows.

One small drawback of this scheme is that it is not forward, i.e. the selected positions are not
guaranteed to be non-decreasing. Suppose for instance that a long window has many occurrences
of the smallest minimizer, and that shifting the window one position changes its canonical strand.
In that case, the position of the sampled minimizer could jump backwards: from sampling the
rightmost minimizer to sampling the leftmost minimizer. In practice, this does not seem to be a
major limitation, both because it is rare and because downstream methods usually work fine on
non-forward schemes anyway. Another (slower) scheme for canonical minimizers preserving the
forward property is described in Appendix A.

2Any pair of non-complementary bases would work here.
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8.4. Vectorized implementation

8.4.1. Parallel iteration and sliding windowminimum

Since computing a sliding window minimum is inherently sequential, we reuse the approach
presented in Section 7.3 for parallel iteration. This way, we iterate over the hashes of 𝐿 (the
number of lanes) independent chunks, and we can compute their sliding window minimum
simultaneously. The only difference here is that the chunks must overlap by 𝑤 + 𝑘 − 2 bases
(instead of 𝑘 − 1 for hashes alone) since we want to cover all windows of w k‑mers.

The scalar version of the two-stacks method presented in Algorithm 8.4 can easily be adapted
to use vectorized instructions. Algorithm 8.6 shows a vectorized version specialized for 8 lanes
of 32-bit hashes, which keeps track of the position in the lower 16 bits.

Algorithm 8.6: SIMD two-stacks algorithm for sliding window minimum, with leftmost tie-breaks.

function SimdSlidingMin(𝑤, hash_it) // hash_it iterates over 32-bit hashes of each k-mer.
val_mask ← 0xffff0000 // Use high 16 bits of each value.
pos_mask ← 0x0000ffff // Low 16 bits store positions.
prefix_min ← 0xffffffff
suffix_min ← buffer of size 𝑤 filled with 0xffffffff𝑛 ← |hash_it| − 𝑤 − 1 // The first 𝑤 − 1 hashes do not complete a window.𝑖 ← LANE_IDX × 𝑛 // Current position of the lane.𝑗 ← 0 // Current index in the buffer.
for ℎ in hash_it do

val ← (ℎ & val_mask) | 𝑖
prefix_min ← min(prefix_min, val)
suffix_min[𝑗] ← val // Write the current value into the buffer.𝑗 ← 𝑗 + 1
if 𝑗 = 𝑤 then // When the buffer is full, recompute sufÏx minima.𝑗 ← 0

prefix_min ← 0xffffffff
for 𝑘 in {𝑤 − 2, 𝑤 − 3, … , 0} do

suffix_min[𝑘] ← min(suffix_min[𝑘], suffix_min[𝑘 + 1])
if 𝑖 ≥ LANE_IDX × 𝑛 + 𝑤 − 1 then // Skip the first 𝑤 − 1 incomplete windows.

yield min(prefix_min, suffix_min[𝑗]) & pos_mask𝑖 ← 𝑖 + 1
8.4.2. Deduplication

The last step of the minimizer algorithm is to deduplicate the results, since adjacent windows
often share the same minimizer position. In practice, deduplicating works best when the data to
be deduplicated is linear in memory. But the output of the vectorized sliding-window minimum
gives a u32x8 containing the position of one minimizer of each chunk. Thus, every 𝐿 iterations
we reuse the matrix transpose (discussed in Section 7.3.1) to obtain a u32x8 for each chunk,
containing 𝐿 consecutive minimizer positions.

We deduplicate each lane using the technique of Lemire [Lem17]. This compares each element
to the previous one, and compares the first element to the last minimizer of the window before.
The distinct elements are then shufÒed to the front of the SIMD vector using a lookup table and
appended to a buffer for each lane, as illustrated in Figure 8.3. We end by concatenating all the
per-lane buffers into a single vector of minimizer positions, and make sure to avoid duplicates
between the end and start of adjacent lanes.
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Figure 8.3.: Overview of the reordering and deduplication of minimizer positions. Each row
on the left corresponds to the minimizer positions outputted by the SIMD sliding
window minimum algorithm for 𝐿 chunks at a time. We first transpose this matrix,
so that the resulting SIMD vectors each correspond to a single chunk, with values
corresponding to the first chunk highlighted in yellow. These are then compared with
their preceding element (including the previous minimizer position, as shown in gray),
and distinct elements are shufÒed to the front. These positions are accumulated in
a separate buffer for each chunk, and these buffers are finally concatenated into a
single flat vector. Note that while the figure shows 𝐿 = 4 lanes, we use 𝐿 = 8 lanes
in practice for 256-bit registers.

8.5. Variations of minimizers

While the method we presented so far is designed to compute minimizer positions, we can easily
adapt it for different variations of the problem.

8.5.1. Computing super‑k‑mers

One of the most common use cases of minimizers is to partition a sequence into super‑k‑mers
(presented in Chapter 4). In that case, in addition to the minimizer positions, we also want to
keep track of which windows are associated to which minimizers. A simple way to encode this
information is to record the starting position of the first window with a given minimizer position.

The starting position of super‑k‑mers can be extracted by amending the deduplication step.
After comparing adjacent minimizer positions, we obtain a mask that determines the shufÒe
instruction to apply. Normally we shufÒe the 32-bit minimizer positions directly. Instead, we
can mask out the upper 16 bits (previously used to store hashes) and store there the index of
its window. If we then shufÒe those values, we obtain for each minimizer its position in the
input text, and the position of the first window where this k‑mer became a minimizer. This
information is sufÏcient to recover all super‑k‑mers, and sequences longer than 216 bp can simply
be split up.

8.5.2. Computing syncmers

Another frequent use case is to compute open/closed syncmers (also presented in Chapter 4).
For closed syncmers, we want to output windows starting/ending with their minimizer, while for
open syncmers, we want to output those with a minimizer in the middle position (assuming 𝑤 is
odd).

Computing syncmers can be implemented as a simple filter on top of the non-deduplicated
minimizer positions. For each window at position 𝑖, we test whether the minimizer position 𝑝
satisfies the syncmer condition: 𝑝 = 𝑖 or 𝑝 = 𝑖 + 𝑤 − 1 for closed syncmers, or 𝑝 = 𝑖 + ⌊𝑤/2⌋
for open syncmers (assuming 𝑤 is odd so that the middle element is unique). This test can be
performed efÏciently using vectorized equality comparisons: non-syncmer positions are erased
via a blend instruction (which branchlessly selects values based on a boolean mask), and the
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same shufÒe-append mechanism used in Section 8.4.2 efÏciently collects the remaining positions.
Note that the deduplication step is not needed here since syncmer positions are always distinct.

8.5.3. Other minimizer schemes

Finally, we can change the implementation of the minimizer scheme itself. First, if we want to
change the order on k‑mers, we can replace the rolling hash by the function of our choice. For
instance, we can simply use the identity for a lexicographic order, or flip the first bits for an
anti-lexicographic order [Gro25a].

Additionally, we can tweak the sliding window scan to implement other low-density schemes
(further discussed in Chapter 15). The best example is probably mod-minimizers [GP24], which
only require applying a modulo 𝑤 on the position of the minimum as an extra step. Note
however that applying a modulo on vector registers is quite impractical, meaning that we prefer
subtracting and blending results in practice.

8.6. Experimental evaluation

Our vectorized implementation, built on top of packed-seq and seq-hash, is available at https:
//github.com/rust-seq/simd-minimizers. This implementation supports canonical minimizers,
super‑k‑mers and syncmers computation, and works with both AVX2 and NEON. The code to
reproduce the experiments is available in the bench folder of the same repository.

The experiments were run on an Intel Core i7-10750H with AVX2 running at 2.6GHz and an
Apple M1 with NEON running at 3.2GHz, using Rust nightly 1.88.0. As input, we use a fixed
random string of 108 bases, encoded either as ASCII or as packed representation depending on
the method. Reported timings are the median of five runs and shown in nanoseconds per base.

In our experiments, we use parameter values for w and k as used by Kraken2 [WLL19] (5, 31),
SSHash [Pib22] (11, 21), and minimap2 [Li18] (19, 19).

8.6.1. Incremental time usage

Table 8.2 shows the time usage for various incremental subsets of our method.

Table 8.2.: Total time per base taken after each incremental step, for (𝑤, 𝑘) = (11, 21).
Step ns/bp

AVX2 NEON
Iterate the bases 0.15 0.10
+ collect to vector 0.30 0.18
+ iterate the delayed bases 0.30 0.19
+ ntHash 0.32 0.33
+ sliding window min 0.90 0.82
+ collect 1.48 0.95
+ dedup 1.61 1.38

+ canonical ntHash 1.04 0.85
+ canonical strand 1.53 1.16
+ collect 2.03 1.37
+ dedup 2.20 1.82

To start with, iterating the 8 chunks of the input and summing all bases takes 0.15 ns/bp
(0.10 ns/bp on NEON). Appending all u32x8 SIMD vectors containing the bases to a vector takes
0.30 ns/bp (0.18 ns/bp on NEON), indicating that writing to memory induces some overhead.
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8. Vectorized computation of minimizers

Collecting the second 𝑘 − 1-delayed stream of characters that leave the k‑mer (by adding them
to the non-delayed stream) has no additional overhead. Computing ntHash only takes 0.02ns/bp
extra on AVX2, but adds 0.15 ns/bp on NEON. The sliding window computation nearly triples
the total time. Collecting the minimizer positions to a linear vector (i.e., transposing matrices
and writing output for each of the 8 chunks) again incurs 50% overhead, and deduplicating them
again adds some time.

Going back a step, using canonical ntHash instead of forward ntHash takes 0.14 ns/bp extra
on AVX2 but only 0.03 ns/bp on NEON, and determining the canonical strand (via a thirdℓ-delayed stream and counting GT bases) takes another 0.49 ns/bp on AVX2 and 0.31 ns/bp on
NEON. As before, collecting and deduplicating are slow and add around 0.70ns/bp.

In conclusion, we see that iterating the chunks of the input and determining minimizers is quite
fast, but that a lot of time must then be spent to “deinterleave” the output into a linear stream.
As can be expected, canonical minimizers are slower to compute than forward minimizers, but
the overhead is less than 50%, which seems quite low given that the ntHash and sliding window
minimum computation are duplicated and a canonical-strand computation is added.

8.6.2. Full comparison

We compare against the minimizer-iter crate v1.2.13, which implements a queue-based sliding
window minimum using wyhash4 and also supports canonical minimizers. For an additional
comparison, we optimized an implementation of the remap method with ntHash based on a code
snippet by Daniel Liu5. Results are in Table 8.3 and Figure 8.4.

minimizer-iter takes around 26 ns/bp for forward and 33 ns/bp for canonical minimizers,
and its runtime does not depend much on 𝑤 and 𝑘, because the popping from the queue is
unpredictable regardless of 𝑤. Rescan starts out at 11.7 ns/bp for 𝑤 = 5 and gets significantly
faster as 𝑤 increases, converging to around 5 ns/bp for 𝑤 ≫ 100. This is explained by the
fact that rescan has a branch miss every time the current minimizer falls out of the window,
which happens for roughly half the minimizers at a rate of 1/(𝑤 + 1). Thus, as 𝑤 increases, the
method becomes more predictable and branch misses go down. Our method, simd-minimizers
runs around 1.61 ns/bp for forward and 2.20 ns/bp for canonical minimizers when given packed
input, and therefore is 3.4× to 6.8× faster than the rescan method.

In Figure 8.4, we see that simd-minimizers performance is mostly independent of 𝑘 and 𝑤
since it is mostly data-independent. Only for small 𝑤 ≤ 5 it is slightly slower due to the larger
number of minimizers and hence larger size of the output.

As we use SIMD with 8 lanes, we could in theory expect up to 8× speedup. In practice this is
hard to reach because of constant overhead and because the overhead to work well with SIMD
in the first place. In particular for large 𝑤, rescan benefits from very predictable and simple
code and only outputs unique minimizer positions, making it very efÏcient. In SIMD, on the
other hand, we use a data-independent algorithm, and output the minimizer position for every
single window, which then has to be deduplicated. Thus, it is nice to see that even for large 𝑤,
our method is over 3× faster, despite this overhead.

8.6.2.1. ASCII input and mulHash

Apart from taking bit-packed input, simd-minimizers also works on ASCII-encoded DNA
sequences of A/C/T/G characters directly, which are then packed into values {0, 1, 2, 3} for ntHash
(in that order) during iteration. This is around 0.25ns/bp slower, mostly because of the larger
size of the unpacked input.

3https://github.com/rust-seq/minimizer-iter
4https://github.com/eldruin/wyhash-rs
5https://gist.github.com/Daniel-Liu-c0deb0t/7078ebca04569068f15507aa856be6e8
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Table 8.3.: Comparison of simd-minimizers against minimizer-iter and a rescan implementation.
Times in ns/bp for forward and canonical minimizers, with various (𝑤, 𝑘) tuples.

(a) Comparison on AVX2.

Method (w=5, k=31) (w=11, k=21) (w=19, k=19)
fwd. canon. fwd. canon. fwd. canon.

minimizer-iter 25.30 32.84 26.96 33.93 26.81 34.04
Rescan ntHash 11.65 7.41 5.61
simd-minimizers ntHash
‑ packed input 1.69 2.28 1.61 2.20 1.64 2.16
‑ on-the-fly packing 1.92 2.50 1.84 2.42 1.91 2.42

Rescan mulHash 11.37 6.79 5.76
simd-minimizers mulHash
‑ packed input 1.85 2.49 1.74 2.40 1.78 2.42
‑ on-the-fly packing 2.12 2.70 2.05 2.62 2.05 2.65
‑ ASCII input 2.11 2.71 2.06 2.63 2.01 2.66

(b) Comparison on NEON.

Method (w=5, k=31) (w=11, k=21) (w=19, k=19)
fwd. canon. fwd. canon. fwd. canon.

minimizer-iter 12.89 16.60 14.26 18.08 14.20 18.04
Rescan ntHash 5.95 3.92 2.82
simd-minimizers ntHash
‑ packed input 1.42 1.85 1.38 1.82 1.38 1.83
‑ on-the-fly packing 1.66 2.07 1.58 1.99 1.59 2.02

Rescan mulHash 6.94 3.93 3.42
simd-minimizers mulHash
‑ packed input 1.97 4.34 1.91 4.27 1.93 4.26
‑ on-the-fly packing 2.11 4.37 2.04 4.41 2.03 4.30
‑ ASCII input 2.12 4.39 2.06 4.44 2.04 4.29
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(a) Running time on AVX2.

(b) Running time on NEON.

Figure 8.4.: Running time (logarithmic) of minimizer-iter, rescan, and simd-minimizers for
different values of w and k.
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The mulHash variant is around 0.20ns/bp slower again, but works for any ASCII input.
Performance on 100 MB of the Pizza&Chili corpus English6 and Sources7 datasets is nearly
identical to performance on the random DNA shown in Table 8.3.

8.6.2.2. Human genome

We also run simd-minimizers on the chromosomes of the T2T-CHM13v2.0 human genome8
[Nur+22], of total size 3.2 Gbp. Here, computing forward minimizers takes 5.19 seconds, and
canonical minimizers takes 6.71 seconds for (𝑤, 𝑘) = (11, 21), which corresponds to 1.67 and
2.15 ns/bp, which is within a few percent of Table 8.3.

8.6.2.3. Density

For (𝑤, 𝑘) = (11, 21), we get a density of 0.173 for forward minimizers, and 0.167 for canonical
minimizers, which are both close to the expected density of 2/(𝑤+1) = 1/6 ≈ 0.167. Changing to(𝑤, 𝑘) = (19, 19), we get density 0.098 for forward minimizers and 0.100 for canonical minimizers,
both close to the expected density of 2/(19 + 1) = 1/10 = 0.1. Thus, we see that in practice,
ntHash is a sufÏciently random hash function to approach the expected density of random
minimizers with a perfectly uniform random hash function.

8.6.2.4. Multithreading

We test throughput in a multithreaded setting, by using 6 threads to process the chromosomes
in parallel. This way, processing takes 0.97 s (forward) and 1.27 s (canonical) when the input
data is already loaded into memory, showing slightly above 5× speedup. This is just below
6× speedup as the chromosomes don’t perfectly partition the data into 6 equal parts, so that
some threads finish before others. For applications, we recommend to simply call our library in
parallel from multiple threads as needed.

6https://pizzachili.dcc.uchile.cl/texts/nlang/
7https://pizzachili.dcc.uchile.cl/texts/code/
8Available at https://github.com/marbl/CHM13.
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9. Application to sequence filtering

�� Note

This chapter is adapted from Martayan et al. (2025), currently under review.

The previous chapters of this part developed efÏcient algorithms for parsing sequences (Chap-
ter 6), hashing k‑mers (Chapter 7), and computing minimizers at high throughput (Chapter 8).
This chapter presents an application of these building blocks to sequence filtering, a problem
that arises naturally at the boundary between large-scale k‑mer indexing and exact sequence
analysis.

Large-scale k‑mer indexes can efÏciently identify a small, relevant subset of documents (e.g.,
read sets, unitigs, contigs). However, this initial filtering is not final. Due to false positives from
probabilistic indexes, or sparse/non-collinear matches, queried k‑mers may not be truly present
or usable for mapping. Therefore, recovering specific sequences within identified documents
that genuinely share k‑mers with the query is crucial. This refinement, moving from relevant
documents to relevant sequences suitable for alignment, mitigates downstream scalability issues
and can reduce data volume by orders of magnitude, such as identifying a few relevant sequences
from billions.

The problem of k‑mer-based sequence filtering can be formalized as follows: given a set of
k‑mers of interest Q = {𝑞1, … , 𝑞𝑚} (the “queries”), a set of sequences S = {𝑆1, … , 𝑆𝑛} and a
threshold 𝑇 , output for each 𝑆𝑖 ∈ S whether ∑𝑞∈Q #occ(𝑞, 𝑆𝑖) ≥ 𝑇 , i.e. whether 𝑆𝑖 contains
at least 𝑇 occurrences of k‑mers of interest. In practice, the threshold can either be set as
an absolute value 𝑇 ∈ ℕ or as a relative value proportional to the size of the sequence: given𝑡 ∈ [0, 1], 𝑇𝑖 = ⌈𝑡 ⋅ (|𝑆𝑖| − 𝑘 + 1)⌉.
Related work

Although sequence-level indexes have been proposed [KMRK22; VCL25], indexing and storing
entire dataset collection at this resolution remains expensive and challenging at scale, thus
favoring lightweight filtering methods directly from unindexed data. EfÏcient multi-pattern
matching is a highly studied topic from both the theoretical [Cro+99] and practical points of view
[FL13]. Practical implementation can be found in classical data processing with grep-like efÏcient
tools such as Ripgrep [Gal24] or Hyperscan [Wan+19]. Some tools perform pattern matching
adapted to genomic data, such as Seqkit [SLLH16; SSZ24], fqgrep [Hom+25] or grepq [Cro25].
However, these solutions tend to scale poorly as the number of query k‑mers increases and fail
to leverage the fixed length of the search patterns. This is a critical issue, as querying numerous
k‑mers is often necessary for large queries (contigs, long reads, whole genomes), searching for
many distinct sequences (variant or gene collections), or optimizing batched queries. The recent
BackToSequences [BMAP24] tool, used in the Logan project, addresses these issues by simply
indexing query k‑mers in a hash table to search for target documents. Very recently, both Deacon
[CLC25] and Cleanifier [ZSR25] were proposed as scalable solutions for contaminant depletion,
that is removing sequences originating from a given genome, which is a direct application of
sequence filtering. In particular, Deacon effectively uses many of the techniques presented in this
chapter. Finally, while to our knowledge it has not been used for sequence filtering, the spectral
Burrows-Wheeler transform (SBWT) [APV23] is also a suitable method for this problem thanks
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to efÏcient matching statistics [MABP25].

Contributions

This work presents three main contributions. First, we introduce a new algorithm that uses
random minimizers to quickly filter out sequences that contain too few k‑mers of interest,
effectively reducing the cost of negative matches by a factor 𝑤/2. Second, we propose an
optimized implementation named K2Rmini, that takes advantage of vectorized instructions
to parse sequences, hash k‑mers and compute minimizers efÏciently. Third, we compare our
approach to many different tools and evaluate their scalability for a large number of patterns,
highlighting the benefits of different methods. Our tool, K2Rmini, is able to filter 2 Gbp/s on a
consumer laptop and is available online at https://github.com/Malfoy/K2Rmini.

9.1. Filtering sequences with minimizers

Classical multi-pattern matching algorithms, which generalize the Knuth-Morris-Pratt approach,
construct deterministic finite automata to achieve linear time complexity relative to the pattern
and input data sizes. While these methods offer strong theoretical guarantees, they often exhibit
poor cache locality. Furthermore, they address the more general problem of matching variable-
length patterns, whereas our work focuses exclusively on fixed-size patterns. This constraint
creates an opportunity for hash-based techniques, which are better suited for large pattern sets
and more amenable to hardware acceleration through vectorized instructions.

One of the state-of-the-art solutions, BackToSequences [BMAP24], uses an efÏcient hash table
containing all k‑mers of interest and skips irrelevant fields. However, its main limitation is its
necessity to perform a hash table lookup for every k‑mer in the data stream. This process becomes
computationally expensive, especially when the hash table is large and does not fit into low-level
caches. To address this bottleneck, we propose K2Rmini (https://github.com/Malfoy/K2Rmini),
a method that integrates minimizer-based filtering and Single Instruction, Multiple Data (SIMD)
operations.

9.1.1. Using minimizers to upper bound the number of k‑mer matches

¸Î Different notations

We reuse the notations from Section 4.3: the minimizer size is denoted 𝑚 while 𝑘 denotes
the number of bases in a window, i.e. 𝑘 = 𝑤 + 𝑚 − 1.
As discussed in Chapter 4 and Chapter 8, random minimizers select the smallest m‑mer in each

window of w consecutive k‑mers according to a random order and guarantee local consistency:
two sequences sharing a context of w k‑mers always produce the same minimizer, making them
a useful proxy for k‑mer overlap [Li18; Dar+22; Eki+23].

One core idea of our approach is to leverage this property to avoid exhaustive k‑mer scanning.
Given a set Q of k‑mers of interest, we compute the set of associated minimizers M(Q) ={minimizer(𝑞) ∶ 𝑞 ∈ Q}. Then, instead of checking every k‑mer from a sequence 𝑆, we only
compare the minimizers of 𝑆 against M(Q). We know that each minimizer match implies that
up to 𝑤 k‑mers of 𝑆 are in Q. Thus, if we have ℓ minimizer matches, the number of k‑mer
matches is upper-bounded by ℓ × 𝑤, so having ℓ < ⌈𝑇𝑤⌉ is sufÏcient to discard a sequence.

While this upper bound is quite accurate for sparse matches, it is very loose (by a factor close
to 2) for dense matches. One way to refine this upper bound is to observe that if two minimizers
are 𝑑 positions apart from each other, they cover at most 𝑤 + 𝑑 k‑mers. Therefore, if we have a
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chain of consecutive minimizer matches at positions 𝑝1, … , 𝑝𝑟, the number of k‑mer matches is
upper-bounded by 𝑤 + 𝑝𝑟 − 𝑝1.

In practice, we often have access the exact number of k‑mers covered by each minimizer as a
byproduct of the sliding window algorithm [GM25]. In that case, we can simply sum them to
get a tight upper bound.

9.1.2. Minimizer-based filtering algorithm

Our algorithm, detailed in Algorithm 9.1, works in two passes. The first pass computes an
upper bound on the number of k‑mer matches, as detailed in the previous section, by performing
O ( |𝑆|𝑤 ) queries to TM (the hash table of minimizers). This has two main advantages: not only
do we reduce the number of lookups, but querying TM is also faster than TQ (the hash table of
k‑mers) because it is roughly 𝑤/2 times smaller when k‑mers from Q are consecutive.

The second pass only happens for sequences with an upper bound on k‑mer matches above the
threshold. In that case, we must count the exact number of k‑mer matches to identify true hits.
Deacon [CLC25], another tool tailored for decontamination developed by some of the authors,
uses a simplified version of the method proposed here. In particular, it omits this second pass,
reducing computational overhead at the cost of potential false positives.

Algorithm 9.1: Minimizer-based filtering.

function Filter(set of k-mers Q, set of sequences S, threshold 𝑇 )
TQ ← HashSet(Q) // hash table of k-mers of interest
TM ← HashSet(M(Q)) // hash table of minimizers of interest
for 𝑆 ∈ S do𝑢 ← 0 // upper bound of k-mer matches

for each minimizer 𝑥 in 𝑆, covering 𝑐 k-mers do
if 𝑥 ∈ TM then𝑢 ← 𝑢 + 𝑐

if 𝑢 < 𝑇 then
yield false
continue𝑠 ← 0 // exact count of k-mer matches

for each k-mer 𝑥 in 𝑆 do
if 𝑥 ∈ TQ then𝑠 ← 𝑠 + 1

yield 𝑠 ≥ 𝑇
9.1.3. Vectorization

Multiple parts of our algorithm are accelerated using vectorized instructions. For sequence parsing,
we use the helicase library presented in Chapter 6, which outputs bitpacked representations for
faster downstream processing. Minimizer positions and k‑mer coverage counts are computed
with SimdMinimizers (discussed in Chapter 8). Finally, k‑mer lookups in the second pass are
accelerated with the vectorized rolling hash presented in Chapter 7.

9.1.4. Parallelization

On top of the vectorized computation of the matches, we adopt a parallelization strategy for the
main loop based on a producer-consumer model. A producer thread parses the sequences and
sends batches of sequences (up to a desired length) to multiple consumer threads, which in turn
compute the matches on their batch and output the results. One approach that we have not
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implemented yet but could be worth trying would be to let each consumer thread directly parse
a chunk of the input file in parallel, thus removing the need for a producer thread and reducing
the communication overhead.

9.2. Results

All experiments were run with the benchmarking workflow available at https://github.com/
imartayan/K2Rmini_experiments. The benchmarking framework is easily extensible, since each
additional program only requires a dedicated command wrapper to be added to a common
interface before it can be executed and plotted with the other tools. All reported times include
both the cost of indexing the queried patterns and the filtering step. Benchmarks were performed
on a dual-socket Intel Xeon Gold 6430 machine with 64 cores and 512 GB of RAM running
Ubuntu 24.04.2. Because no ready-to-use SBWT-based sequence filtering implementation was
available for our setting, we implemented the SBWT baseline ourselves1 using the Rust sbwt
crate2.

9.2.1. State-of-the-art analysis

To evaluate state-of-the-art tools, we benchmarked a selection of specialized and general-purpose
programs while varying the number of queried k‑mers. The specialized tools included Seqkit 2.13.0
[SLLH16; SSZ24], fqgrep 1.1.1 [Hom+25], grepq 1.6.5 [Cro25], BackToSequences 0.8.3 [BMAP24],
Cleanifier 1.2.0 [ZSR25], Deacon 0.14.0 [CLC25], and our SBWT-based implementation. For
comparison, we also included grep 3.11, ripgrep 15.1.0 [Gal24], and Hyperscan 5.4.2 [Wan+19]
(or Vectorscan 5.4.12 on ARM). As shown in Figure 9.1, Figure 9.2, we benchmarked these tools
on 2.6 Gbp of PacBio HiFi reads from HG0023 while increasing the number of queried k‑mers.

The results separate the tested methods into two broad groups. Classical multiple-pattern
matching tools such as grep, ripgrep, Hyperscan, Seqkit, fqgrep, and grepq scale poorly as
the number of queried k‑mers increases. Their running time rises rapidly and they become
impractical once the query set reaches the large regimes that matter for genomic filtering. In
contrast, methods that explicitly index the queried patterns, or a sketch derived from them,
remain effective over the full range of tested query sizes.

Among these scalable approaches, Deacon and K2Rmini are the fastest overall. Cleanifier
is also largely insensitive to the number of queried k‑mers, but with a clearly higher absolute
running time. SBWT and BackToSequences remain much more scalable than general-purpose
pattern matchers, although both become slower than Deacon and K2Rmini as the number
of queried k‑mers grows. In the multithreaded setting, SBWT remains consistently ahead
of BackToSequences for the largest query sets, while both are clearly outperformed by the
minimizer-based approaches.

The gap between positive and negative queries is especially informative for K2Rmini. For
negative k‑mers, most reads are rejected during the minimizer pass, which keeps the running
time close to flat across a broad range of query counts. For positive k‑mers, more reads pass this
first filter and trigger the exact counting phase, so the running time increases more substantially.
This behavior directly reflects the design of K2Rmini, where minimizers are used to avoid
unnecessary exact searches, but exact verification is still required whenever the upper bound is
above threshold.

This comparison must be interpreted more carefully for Deacon. Deacon only indexes minimiz-
ers and does not perform an exact second pass on the surviving reads. Its excellent scalability

1https://github.com/imartayan/K2Rmini_experiments/tree/main/sbwt_filter
2https://docs.rs/sbwt/latest/sbwt/
3https://s3-us-west-2.amazonaws.com/human-pangenomics/NHGRI_UCSC_panel/HG002/hpp_HG002_

NA24385_son_v1/PacBio_HiFi/15kb/m54328_180928_230446.Q20.fastq
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(a) Running time with a single thread.
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Figure 9.1.: Running time of state-of-the-art tools when filtering 2.6 Gbp of PacBio HiFi reads
from HG002 (m54328_180928_230446) with an increasing number of queried k‑mers
for k = 31. Positive k‑mers are extracted from the reads while negative k‑mers are
random sequences.
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Figure 9.2.: Memory usage of state-of-the-art tools when filtering 2.6 Gbp of PacBio HiFi reads
from HG002 (m54328_180928_230446) with an increasing number of queried k‑mers
for k = 31. Positive k‑mers are extracted from the reads while negative k‑mers are
random sequences.

therefore comes from solving a relaxed version of the problem, which may introduce false positives.
By contrast, K2Rmini uses minimizers as a lossless prefilter and performs exact k‑mer counting
whenever necessary.

A practical observation is that at some point, pattern indexing itself is a visible part of the
total running time and filtering is no longer the only bottleneck.

Memory usage reveals a similar separation between approaches. General-purpose tools such as
ripgrep already have a large baseline memory footprint and can reach several gigabytes for the
largest query sets. By contrast, the specialized genomic tools initially use much less memory, but
their scaling behavior differs substantially. Among the scalable exact methods, K2Rmini has the
lowest memory footprint over most of the explored range and remains below BackToSequences
and SBWT at large query sizes. BackToSequences starts from a very small footprint on small
query sets, but its memory usage grows steeply and eventually becomes the highest among
the indexed genomic methods. SBWT scales more smoothly than BackToSequences, but still
requires substantially more memory than K2Rmini for large pattern sets. Cleanifier and Deacon
exhibit a higher baseline memory usage, yet their growth is more moderate, which is consistent
with their good scalability in running time. Overall, these results show that K2Rmini provides
the best end-to-end compromise among exact methods, combining low running time with low
memory usage over a broad range of query sizes.

9.2.2. Influence of parameters

To better understand the behavior of the most scalable approaches, we compared BackToSe-
quences, SBWT, Deacon, and K2Rmini while varying the number of threads and the k‑mer size.
The results are shown in Figure 9.3, Figure 9.4.

When increasing the number of threads, K2Rmini remains the fastest method throughout
the benchmark. Most of the speedup is obtained within the first four threads, after which the
running time stabilizes around 1.3–1.4 seconds. Deacon shows a very similar trend, with slightly
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(b) Memory usage versus number of threads.

Figure 9.3.: Influence of the number of threads when filtering 2.6 Gbp of reads with 1M patterns
of size k = 31.
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Figure 9.4.: Influence of the k‑mer size when filtering 2.6 Gbp of reads with 1M patterns and a
single thread. Cleanifier is not included because it does not support k > 32.
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higher running times and the same early saturation. This suggests that, for both minimizer-based
approaches, the main bottleneck quickly shifts away from the matching procedure itself toward
parsing and other shared overheads. In contrast, BackToSequences and SBWT continue to
benefit from additional threads over the full range, with their running times decreasing steadily
from about 100 seconds on one thread to around 6 seconds on 16 threads. Cleanifier shows
almost no parallel speedup in this experiment, remaining close to 35 seconds regardless of the
thread count.

The memory trends differ markedly from the time trends. K2Rmini has the lowest memory
footprint and remains nearly constant as the number of threads increases, staying around 8–10
MB. SBWT also remains essentially flat, at about 8 MB. BackToSequences has a larger but still
stable footprint, around 50 MB, independent of the number of threads. By contrast, Deacon and
Cleanifier both show a substantial increase in memory usage with additional threads. Deacon
grows roughly linearly from about 15 MB on one thread to around 180 MB on 16 threads, while
Cleanifier increases from about 110 MB to about 195 MB. Therefore, among the tested methods,
K2Rmini combines the best running time with the smallest and most stable memory usage in
the multithreaded setting.

We also evaluated the effect of the k‑mer size with a single thread and 1M queried patterns.
As k increases, K2Rmini becomes slightly faster, decreasing from about 4 seconds at k = 31 to
about 2.3 seconds for the largest tested values. This trend is consistent with our minimizer-based
design. Keeping the minimizer size fixed while increasing k enlarges the minimizer window,
reducing minimizer density, and therefore decreasing the number of lookups required during the
first filtering pass. Deacon exhibits a similar, though less pronounced, decrease in running time.
In contrast, BackToSequences becomes slower as k increases, rising from about 80 seconds to
more than 120 seconds, while SBWT remains roughly constant around 90 seconds. These results
again highlight that minimizer-based filtering benefits from larger k‑mer sizes, whereas exact
indexed lookup of every k‑mer does not.

The memory usage as a function of k remains moderate for all methods, but the trends are
again distinct. K2Rmini stays almost constant around 7–8 MB across the full range of tested
values. Deacon remains below 20 MB, with only a small increase as k grows. SBWT increases
more noticeably, specifically after each power of two (32 and 64 in the plot), from about 7–8
MB at small k to about 20 MB for the largest tested values, especially on negative queries.
BackToSequences has the highest memory usage throughout this experiment, steadily increasing
from about 50 MB to more than 60 MB. Overall, these experiments confirm that K2Rmini is
not only the fastest of the exact methods considered here, but also the most memory-efÏcient
and the least sensitive to both thread count and k‑mer size.

9.2.3. Real data

To complement the synthetic benchmarks, we compared BackToSequences and K2Rmini on
several real datasets with heterogeneous sequence lengths and structures, summarized in Table 9.1.
The evaluation includes Oxford Nanopore ultra-long reads (SRR23365080), PacBio HiFi reads of
10–20 Kbp (SRX7897685-8), and Illumina 250 bp reads (ERR3239454). We also evaluated assembled
sequences from the Logan project [Chi+24], including both contigs and unitigs (SRR7853572),
and the complete human T2T reference genome (GCF_009914755.1), which represents very long
contiguous sequences. These experiments were run on a laptop equipped with a 13th Gen Intel
Core i9-13950HX processor, 64 GB of RAM, and an SSD, using 8 threads. For the positive
case, the queried patterns were sequences of length 1000 selected from each dataset, using 100
patterns for short reads and unitigs so as to total 106 queried bases. For the negative case, the
queried patterns were random sequences of length 1000. Across all datasets and in both positive
and negative settings, K2Rmini is consistently faster than BackToSequences in both CPU time
and wall-clock time.

The largest gains are observed on ONT and HiFi reads. On ONT data, K2Rmini is 10.55×
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faster than BackToSequences in CPU time and 4.94× faster in elapsed time for positive queries,
while the speedup increases to 17.74× and 16.09× on negative queries. On HiFi reads, the gains
are even larger for positive queries, reaching 26.94× in CPU time and 27.41× in elapsed time,
and remain very high on negative queries with speedups of 17.23× and 16.55×. On Illumina
reads, the improvement is more moderate but still substantial, ranging from 5.53× to 5.98×
in CPU time and from 3.97× to 4.48× in elapsed time. Overall, these results confirm that
the minimizer-based prefilter is especially effective on raw reads, with the strongest gains on
long-read datasets.

The same trend holds on assembled and reference sequences, although with more variable
gains. On the T2T genome, K2Rmini is 4.00× faster in CPU time and 4.19× faster in elapsed
time for positive queries, while negative queries lead to much larger speedups of 15.19× and
11.10×. On Logan contigs, the gains are stable between positive and negative cases, around
7.3× to 7.4× in CPU time and 5.8× to 5.9× in elapsed time. Logan unitigs show the smallest
difference, with speedups around 2.5× in CPU time and 1.9× in elapsed time in both settings.
More generally, negative queries tend to benefit more from K2Rmini than positive ones, which
is consistent with the minimizer filter rejecting most sequences early and therefore avoiding the
exact counting phase. Overall, K2Rmini consistently outperforms BackToSequences across all
tested datasets, with the strongest improvements on long reads and on negative queries.

Table 9.1.: Runtime comparison between K2Rmini and BTS using 8 threads. + indicates positive
queries while − indicates negative ones.

Experiment CPU time (s) Elapsed time (s)
K2Rmini BTS Speedup K2Rmini BTS Speedup

ONT + 1,850.65 19,529.04 ×10.55 531.83 2,626.34 ×4.94
ONT − 959.72 17,021.16 ×17.74 125.13 2,013.64 ×16.09
HiFi + 279.46 7,527.53 ×26.94 33.11 907.56 ×27.41
HiFi − 273.75 4,716.76 ×17.23 33.70 557.88 ×16.55
Illumina + 278.24 1,537.61 ×5.53 43.56 173.02 ×3.97
Illumina − 267.35 1,597.82 ×5.98 40.41 180.89 ×4.48
T2T + 55.85 223.67 ×4.00 8.88 37.19 ×4.19
T2T − 9.81 148.98 ×15.19 2.31 25.63 ×11.10
Contigs + 14.05 102.10 ×7.27 2.18 12.66 ×5.81
Contigs − 13.83 102.29 ×7.40 2.15 12.70 ×5.91
Unitigs + 76.56 191.45 ×2.50 13.87 26.49 ×1.91
Unitigs − 75.29 192.07 ×2.55 14.07 26.65 ×1.89

9.3. Limitations and perspectives

This work has demonstrated that a search strategy based on SIMD-accelerated minimizer
filtering is fast and resource-efÏcient across a broad spectrum of applications. Similar tools
are being developed for screening sequence repositories for antimicrobial resistance mutations,
emerging pathogen surveillance, or sequencing contaminant filtration [CLC25]. Currently, the
main limitation of our implementation is that the indexation of the patterns is single-threaded
and relies on a generic hash table. One promising direction to improve the indexation step would
be to implement a concurrent hash table that relies on minimizers for grouping keys, such as
the one recently described in kache-hash [KPP26]. This would be especially relevant since we
already have efÏcient methods to compute both minimizers and k‑mer hashes, and we could thus
easily batch insertions and queries. A second direction for improvement would be to parallelize
the parsing step by attributing independent chunks of the input file to each thread, which would
fully benefit from our vectorized parsing library and reduce the communication overhead.
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Future work could explore alternative search strategies, including using sparser minimizer
schemes to further reduce the number of minimizers to query [Pel+23; GP24; GLP25; ABP25;
Gol+25; STO26]. We could also imagine a middleground between the costly exact search used
in the second pass and doing no search at all at the cost of false positives, possibly by using
small filters for faster queries with a lower false positive rate.

Finally, as the throughput of the core algorithm increases, performance bottlenecks shift to
other components of the pipeline, mostly I/O bounded. While uncompressed FASTA/Q files are
unnecessarily wasteful, reading input from compressed FASTA/Q files is a major bottleneck,
highlighting the need for more performant alternatives [TD25; Pat+25].
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Ragnar Groot Koerkamp concluded his thesis [Gro25a] with the following observation:

Provably optimal software consists of two parts: a provably optimal algorithm, and
a provably optimal implementation of this algorithm, given the hardware constraints.
This can only be achieved through algorithm/implementation co-design, where
hardware capabilities influence design choices in the algorithm.

This view captures rather well what I tried to do throughout this part. Implementation is too
often treated as a detail that comes after the algorithm is fixed, yet the chapters of this part
show that the distinction is artificial: parsing, hashing, and minimizer selection all benefited
from being redesigned with the hardware in mind. Doing so allowed us to reach the memory
bandwidth for FASTA/Q parsing in Chapter 6, to compute ntHash at more than 2.5 Gbp/s in
Chapter 7, and to extract minimizers at less than 2 ns/bp in Chapter 8. Stacking these building
blocks together made it possible to filter sequences at 2 Gbp/s on a consumer laptop in Chapter
9, a regime that would have been out of reach by treating each layer in isolation.

A recurring observation across these contributions is that simplicity tends to win. Branchless
code and regular access patterns turned out to be much easier to push close to the hardware
limit than elaborate constructions with better asymptotic guarantees. This is not a universal
rule, but it does sit somewhat at odds with the quest for lower complexity that drives parts of
theoretical computer science. I would not argue against asymptotic improvements, of course,
since they remain essential at very large scales, but the constants hidden behind complexity
bounds deserve at least as much attention when the building blocks they describe run trillions
of times in real pipelines.

While these results show the gains we can extract on current hardware, there are still many
directions worth exploring. A natural one concerns the way we handle sequential dependencies.
Both rolling hashes and minimizer selection are inherently sequential, and we worked around
this by processing independent chunks of the input in parallel SIMD lanes. This strategy is
effective, but it forces the input to be reloaded into multiple lanes, which can be expensive to
fetch from memory for long sequences that no longer fit in cache. Designing a true single-stream
variant that hides the dependency chain without splitting the input would reduce memory trafÏc
and could matter especially in pipelines where the sequence has just been read from disk.

Another important direction concerns the theoretical foundations of the building blocks we
use. As I noted in Chapter 7, the most efÏcient rolling hashes in the bioinformatics ecosystem
have surprisingly few formal guarantees, and the biases I observed on ntHash are a concrete
illustration of this gap. The community would benefit from rolling hashes that are both fast
and provably well-behaved in terms of collisions and distribution, rather than choosing between
the two. Ongoing work by Dufresne et al. [DGD24] on reversible hash functions tailored to
DNA is a promising step in this direction, aiming at both “speed of encoding and decoding” and
“dispersion of the hashed values across the integer space”.

The hardware landscape has also shifted quite a bit during my PhD. The most visible change
is the democratization of ARM in personal and server-grade machines, which made it essential
to provide implementations that work well outside the x86 world. We made sure throughout
this part that every contribution targets both x86 and ARM, which should keep the code
relevant as the diversity of CPUs continues to grow. Maintaining several architecture-specific
implementations remains a sizeable burden though, and I see it as a real obstacle to the broader
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adoption of SIMD outside specialized libraries. Portable abstractions such as WebAssembly may
eventually offer a unified target, but their vector support is still well behind native SIMD as of
today. Closer to our needs, new languages such as Mojo4 and domain-specific projects such as
Shannon x Cray5 tackle this challenge at the level of the compiler, by letting authors describe
algorithms in a higher-level way that the compiler can then specialize to each target. Whether
any of these efforts will scale to the kind of code we wrote here remains an open question, but
this direction is one I find very exciting.

The most obvious omission in this part is the GPU. Modern GPUs offer an order of magnitude
more parallelism than CPUs, and many bioinformatics workloads should in principle benefit
from them. In practice, the main limitation we face is data movement: transferring sequences
from main memory to GPU memory is often more expensive than the SIMD processing we would
gain on the GPU itself. Processing-in-memory technologies promise to remove this bottleneck
by performing computation close to where the data lives, but they remain quite niche and not
particularly affordable. A more accessible avenue is the unified memory model adopted by recent
architectures such as Apple Silicon, where the CPU and GPU share the same physical memory
and can exchange data with near-zero cost. If this model becomes more widespread, I think it
could finally make GPU acceleration practical for sequence processing pipelines, and provide a
natural follow-up of the work presented in this part.

4https://mojolang.org/
5https://sxc.inria.fr/index.html
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Part III.

Locality-preserving representations of k‑mer
sets

Keep your friends close, and your k‑mers
closer.

—not Sun Tzu

Part I established that careful implementation can push sequence processing close to the
hardware limit. Now we ask a different question: can the representation of a k‑mer set itself be
a source of performance gains? The central observation is that consecutive k‑mers extracted
from a genomic sequence are not independent. A representation that ignores this locality pays
for it in both memory and query time. Chapter 10 surveys existing approaches and establishes
the metrics used throughout. Chapters 11 and 12 introduce CBL, a dynamic structure built on
minimizer-partitioned sorted buckets that supports efÏcient set operations. Chapter 13 presents
Brisk, which stores k‑mers implicitly inside super‑k‑mers for a lower per-k‑mer footprint. Chapter
14 pushes this idea further with hyper‑k‑mers, reducing the space overhead asymptotically to 4
bits / k‑mer.
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Spectrum-preserving string sets, introduced in Chapter 2, offer one compact way to represent a
k‑mer spectrum. By itself, however, such a representation gives no direct way to test whether
an arbitrary k‑mer belongs to the spectrum or not. Building an efÏcient index is therefore a
necessary step in any k‑mer-based pipeline, from read mapping and taxonomic classification
to genome assembly. Depending on the application, this index may be built from an SPSS
(repetitive or not), directly from raw reads, or from a reference genome, all of which may contain
repeated k‑mers.

At the most basic level, a k‑mer set supports a single operation: membership, testing whether
a given k‑mer is present or not. Many applications require more than this and associate each
k‑mer with satellite information such as an abundance count or a color. A k‑mer dictionary
extends a k‑mer set with a lookup operation: given a k‑mer, it returns a unique integer identifier
that serves as a key into any external array of satellite values, or -1 if the k‑mer is absent. Both
sets and dictionaries are commonly used in a streaming regime, where queries are issued for every
k‑mer extracted consecutively from a sequence. This modality is prevalent enough that several
structures are explicitly designed for it, favoring cache-efÏcient access over runs of consecutive
k‑mers rather than minimizing the cost of individual queries.

This chapter focuses on three approaches representative of the state of the art for exact k‑mer
set indexing, and a broader survey of the landscape can be found in [Mar24]. SSHash [Pib22;
PP26] uses compact hashing over the super‑k‑mer structure of the input to achieve very fast
queries at moderate space. The SBWT [APV23] exploits the colexicographic ordering of k‑mers
in the de Bruijn graph to compress the index close to the navigational lower bound, at the cost
of slower O(𝑘)-time queries. FMSI [SVB23; SVB24; SVB25] indexes a masked superstring with
an FM-index, offering a different point on the space-time tradeoff.

10.1. Path locality and hashing

¸Î Different notations

We reuse the notations from Section 4.3: the minimizer size is denoted 𝑚 while 𝑘 denotes
the number of bases in a window, i.e. 𝑘 = 𝑤 + 𝑚 − 1.
A first family of k‑mer indexes exploits the path locality of consecutive k‑mers in the input. As

established in Section 4.3, k‑mers at successive positions tend to share the same minimizer and
can therefore be grouped into super‑k‑mers. In the context of indexing, this grouping has two
important consequences. First, there are far fewer super‑k‑mers than k‑mers: each super‑k‑mer
spans on average (𝑤 + 1)/2 k‑mers, the inverse of the minimizer density, reducing the number
of objects to be indexed by the same factor. Second, consecutive k‑mers within a super‑k‑mer
are stored contiguously, so a streaming query traversing a sequence left to right will access the
same super‑k‑mer repeatedly before moving to the next, yielding favorable cache behavior. More
broadly, the super‑k‑mer structure induces a partial order on k‑mers that an index can preserve:
k‑mers within the same super‑k‑mer can be assigned consecutive identifiers, enabling fast satellite
data access for streaming queries, a property formalized and exploited by LPHash [PSL23].
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10.1.1. Sparse and skew hashing: SSHash

A minimal perfect hash function (MPHF) for a set X of 𝑛 keys is a bijection 𝑓 ∶ X → [0, 𝑛)
mapping each key to a distinct integer with no gaps [Leh+26]. MPHFs can be constructed using
close to log2 𝑒 ≈ 1.44 bits per key in expectation [LRCP17; PT21; Gro25b], far below the cost of
storing the keys themselves. Since 𝑓 assigns an arbitrary value in [0, 𝑛) to any input outside X ,
a structure relying on an MPHF must store the keys or compact fingerprints separately to verify
membership.

SSHash [Pib22; PP26] takes an SPSS as input, identifies super‑k‑mer boundaries on the fly
to record their offsets within the strings, and builds an MPHF over the set of minimizers to
index those offsets, while retaining the SPSS strings as the underlying storage. Rather than
hashing k‑mers directly, the MPHF operates on the much smaller set of minimizers. This is the
sparse component of the design: since each super‑k‑mer spans on average (𝑤 + 1)/2 k‑mers, the
MPHF is built over a key set far smaller than the k‑mer set. The input strings are stored at 2
bits per base, alongside a prefix-sum array encoding partition sizes and an offsets array pointing
to super‑k‑mer positions within the strings. Importantly, the SPSS strings remain stored as a
single contiguous block: minimizer partitions are virtual, materialized through the auxiliary
arrays rather than by physically grouping super‑k‑mers in memory. Figure 10.1 illustrates the
resulting data structure layout.

Figure 10.1.: Overview of the SSHash dictionary data structure, from Pibiri [Pib22]. The input
strings are stored contiguously; minimizers are mapped to partition identifiers via
an MPHF; the Sizes and Offsets arrays locate each super‑k‑mer within the strings.

The skew component addresses the non-uniformity of partition sizes: even with a random
hash function, most minimizers appear only once while a small fraction of minimizers appears in
a disproportionately large number of super‑k‑mers, yielding highly skewed minimizer partition
sizes. In particular, for 𝑘 = 31 and 𝑚 = 20, over 97% of minimizers have a single occurrence
[Pib22, table 1], while the most frequent minimizer appears more than 36000 times in the SPSS
of a human genome. This observation was later confirmed by combinatorial analyses [IMS24;
ILMS26].

SSHash encodes the prefix-sum of partition sizes using Elias-Fano [Eli74; Fan71], which
compresses increasing integer sequences close to their information-theoretic minimum. A
secondary skew index groups frequent minimizers by partition size and builds a separate MPHF
per group, limiting the number of super‑k‑mers to inspect at query time.

To answer a lookup query for k‑mer 𝑥, SSHash computes the minimizer of 𝑥, retrieves the
corresponding partition via the MPHF, and scans its super‑k‑mers until 𝑥 is found, returning
its identifier or -1 if it is absent. Streaming queries benefit from caching the last minimizer:
consecutive k‑mers sharing the same minimizer extend the previous match without recomputing
the partition, reducing the average number of memory accesses per query. In practice, SSHash
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achieves around 7–10 bits / k‑mer and answers individual queries in hundreds of nanoseconds
[Pib22, table 3].

10.1.2. Improvements on SSHash

A subsequent refinement [PP26] improves query efÏciency on two fronts. First, rather than
storing the start of each super‑k‑mer and scanning it, the refined index stores a single position
per minimizer occurrence; combined with the offset of the minimizer within the query k‑mer 𝑥,
this is sufÏcient to recover the exact location of 𝑥 in the SPSS in constant time. Second, a tag
array classifies each minimizer as singleton, light, or heavy based on how many super‑k‑mers
share it; for singleton minimizers, the unique position is encoded directly in the tag itself, so
that a lookup requires only two cache misses: one to evaluate the MPHF and one to read the
tag. Since over 97% of minimizers are singletons for 𝑚 ≥ 20, this shortcut applies to the vast
majority of queries. Figure 10.2 illustrates the two layouts side by side.

Figure 10.2.: Comparison of the original and refined SSHash data structures, from Pibiri and
Patro [PP26]. The tag array classifies minimizers as singleton, light, or heavy;
singleton minimizers have their position encoded directly in the tag, avoiding any
further memory access.

LPHash [PSL23] takes a slightly different approach: rather than building a complete dictionary
with the SPSS strings as underlying storage, it constructs a locality-preserving MPHF alone,
without retaining the strings. This omission means that a k‑mer absent from the indexed set will
also receive some identifier in [0, 𝑛) rather than -1, so membership cannot be verified without
external storage. In exchange, the space footprint is substantially smaller, achieving 0.6–0.9
bits / k‑mer, and lookup queries are an order of magnitude faster than in SSHash.

10.2. Colexicographic clustering and spectral BWT

10.2.1. Colexicographic order and Wheeler graphs

A second family of k‑mer indexes stems from sorting k‑mers in colexicographic order, comparing
them from right to left. Under this ordering, k‑mers sharing the same length-(𝑘 − 1) sufÏx are
adjacent, since they only differ in their leftmost character. Recall that in a node-centric de
Bruijn graph, an edge from k‑mer 𝑥 to k‑mer 𝑦 exists iff the last 𝑘 − 1 characters of 𝑥 match the
first 𝑘 − 1 characters of 𝑦; we label such an edge by the last character of 𝑦, i.e. the character
appended when extending 𝑥 into 𝑦. The colexicographic ordering of k‑mers makes the de Bruijn
graph a Wheeler graph [GMS17]: nodes can be totally ordered such that edges with the same
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label preserve this ordering. A key consequence is that for any character 𝑐, 𝑐-labeled edges
map a contiguous range of sources to a contiguous range of destinations, and vice versa. This
property enables backward search: membership of a query k‑mer 𝑥 can be tested by starting
from the interval of all k‑mers ending in the last character of 𝑥, then iteratively narrowing it by
prepending characters of 𝑥 from right to left, each step intersecting with a contiguous range.
Crucially, the colexicographic rank of a k‑mer implicitly encodes its identity, so the structure does
not require explicit storage of the 2𝑘-bit label of each k‑mer, only small per-node annotations.
This is the root of the space efÏciency of BWT-based approaches. The BOSS structure [BOSS12]
realizes these ideas for the edge-centric de Bruijn graph; the SBWT [APV23], described below,
extends them to the node-centric view.

10.2.2. The spectral BWT and subset rank

The spectral Burrows-Wheeler transform, or SBWT [APV23], builds directly on the colexico-
graphic structure. Given a k‑mer set 𝑆, the k‑mers are sorted colexicographically and grouped
by their length-(𝑘 − 1) sufÏx. For each group, only the first k‑mer in colexicographic order
carries a non-empty set of characters: those that label outgoing edges from that group in the
node-centric de Bruijn graph. Source k‑mers (those with no predecessor in 𝑆) are augmented
with dollar-padded prefix k‑mers to give them a virtual predecessor from a dummy root. When
a k‑mer has multiple predecessors, only the colexicographically smallest is retained, so that
every k‑mer has exactly one incoming edge in the resulting structure. The resulting sequence of
character subsets, one entry per k‑mer, is the SBWT. Figure 10.3 illustrates the construction on
a small example.

ACAA {T}

ATAA {C}

AACA {A,C}

CACA {}

ACAC 

{A}TAAC 

          

CAAT {T}

CCAT {G,T}

AATT {G}

CATT {}

ATAA TAAC AACA

ACAA CAAT AATT ATTG

ACAC

CCAT CATT

CACA {}

CATG

CATG

ATTG {}

{A}

Figure 10.3.: Example of SBWT construction on a small k‑mer set, courtesy of Camille Marchet.
The k‑mers are sorted colexicographically, as listed on the right. Only the first
k‑mer in each length-(𝑘 − 1) sufÏx group (highlighted in red) carries the outgoing
edge subset, while the other edges (dashed in blue) are pruned. After construction,
the SBWT only retains the subsets of outgoing edge labels, listed on the right.
Note that this figure omits the dollar-padded prefix k‑mers for clarity.

Membership queries rely on a single primitive: subset rank. Given a character 𝑐 and a position𝑖, SubsetRank𝑐(𝑖) counts how many of the first 𝑖 subsets contain 𝑐. To query k‑mer 𝑥 = 𝑥1 … 𝑥𝑘,
backward search starts from the full interval [1, 𝑛] and iterates over the characters of 𝑥 from left
to right, narrowing the interval at each step using:ℓ′ = 1 + 𝐶[𝑐] + SubsetRank𝑐(ℓ − 1) + 1, 𝑟′ = 1 + 𝐶[𝑐] + SubsetRank𝑐(𝑟)

80



10. Background on k‑mer sets

where 𝐶[𝑐] counts k‑mers whose last character is smaller than 𝑐. After 𝑘 steps, a non-empty
interval indicates that 𝑥 is present, and the resulting ℓ is the colexicographic rank of 𝑥, serving
directly as its integer identifier. The total cost is O(𝑘) subset rank operations. Note that, using
the same process, the SBWT can actually query any m‑mer for 𝑚 ≤ 𝑘.

A further benefit is that de Bruijn graph navigation comes for free: successors and predecessors
of any k‑mer can be read off from the index with a single step of the same algorithm, without
auxiliary structures.

Several data structures can be used to support subset rank queries, offering different time-
space tradeoffs. The most commonly used in practice is the bit-matrix SBWT, which stores
one bitvector of length 𝑛 per character 𝑐 ∈ Σ, where bit 𝑖 is set if 𝑐 ∈ 𝑋𝑖. SubsetRank𝑐(𝑖) then
reduces to a standard rank query on the 𝑐-th bitvector, and occupies around 4–5 bits / k‑mer1
[APV23]. More space-efÏcient variants exist, the most compact being the subset wavelet tree
SBWT, which compresses the subset sequence to its zeroth-order entropy, achieving 2.6–2.8
bits / k‑mer in practice at the cost of slower queries.

The SBWT can be further augmented with a longest common sufÏx array to accelerate
streaming queries [ABP23], by allowing consecutive k‑mer lookups to reuse intervals computed
at the previous position. This same array also enables the SBWT to compute matching statistics
between a query sequence and the indexed k‑mer set [MABP25], extending its use to pseudo-
alignment and sequence similarity tasks.

10.3. Masked superstrings

�� Note

As this approach was published recently, it was not included in our comparisons in the
following chapters.

Masked superstrings [SVB23] generalize spectrum-preserving string sets by allowing the
representation to include k‑mers absent from the input, saving space at the cost of introducing
spurious k‑mers. A bitmask is added to resolve the resulting ambiguity: a masked superstring is
a pair (𝑆, 𝑀) where 𝑆 is a single string containing all k‑mers of the indexed set 𝐾 as substrings,
and 𝑀 is a binary mask indicating which k‑mer occurrences in 𝑆 are active, i.e. belong to 𝐾.
Conceptually, this replaces the de Bruijn graph with an overlap graph admitting edges of any
length, providing better compression power when the k‑mer set does not follow the spectrum-like
property, as in subsampled or high-diversity metagenomic data.

Several mask variants serve different purposes. A max-one mask, maximizing active k‑mers,
optimizes for membership queries. A min-one mask, activating each k‑mer exactly once, enables
dictionary queries by giving each k‑mer a unique identifier. A min-runs mask minimizes the
number of runs of 1’s, making the mask itself more compressible.

While computing the shortest masked superstring is NP-hard, approximately shortest masked
superstrings can be computed from an input k‑mer set or a precomputed SPSS using the greedy
tool KmerCamel [SVB23].

FMSI [SVB25] indexes the masked superstring via the Masked Burrows-Wheeler Transform
(MBWT), an extension of the classical BWT that incorporates the mask. The MBWT is
computed by pairing each superstring symbol with its mask bit, sorting pairs lexicographically
on the superstring symbol alone, then unzipping the result into a transformed string 𝑆′ and
transformed mask 𝑀 ′. Membership of a query k‑mer 𝑥 is answered by backward search in 𝑆′ to
find a position range [𝑖, 𝑗], then checking 𝑀 ′ for any active k‑mer in that range; the total cost is

1The bit-matrix itself uses exactly 4 bits / k‑mer; the overhead above this comes from rank support and the
dollar-padded prefix k‑mers added for source nodes.
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O(𝑘) rank operations. In practice, FMSI achieves around 3–4 bits / k‑mer [SVB25], at the cost
of slower queries compared to SSHash or SBWT. Unlike SPSS-based approaches, it does not rely
on the spectrum-like property, so its space cost is less sensitive to subsampled or high-diversity
k‑mer sets.

FMSI can be extended to support k‑mer set operations and dynamic updates via f-masked
superstrings [SVB24]. The binary mask is replaced by an integer vector so that k‑mer occurrences
from different input sets can be distinguished, and a demasking function 𝑓 specifies how to
combine the integer values seen at all occurrences of a k‑mer to decide its membership in the
final set. Union, intersection, difference, and symmetric difference of two indexed k‑mer sets
are then implemented by concatenating their masked superstrings, reapplying the appropriate
demasking function to compute the resulting mask, and optionally compacting the structure
to reduce its size. Individual k‑mer insertions and deletions follow as special cases of these set
operations with singleton sets, providing dynamic updates without rebuilding the index.

10.4. Comparison

The three approaches sit on a clear space-time tradeoff curve. SSHash is the fastest by a wide
margin (74 ns/k‑mer for streaming), at a moderate space cost of 10.01 bits / k‑mer; it benefits
from the SPSS strings being kept as contiguous raw storage, enabling cache-friendly lookups but
inflating the bit budget. The SBWT natively uses 4–5 bits / k‑mer, doubled to 10.50 bits / k‑mer
in this benchmark setting where both strands of each k‑mer are indexed for canonical queries;
with 266 ns/k‑mer for streaming, it occupies a middle ground in time and offers de Bruijn graph
navigation and matching statistics out of the box. FMSI is by far the most compact at 3.31
bits / k‑mer, but its query time (1176 ns/k‑mer) is significantly slower than SSHash, since each
query requires backward search over the FM-index without the cache benefits of super‑k‑mer
partitioning.

The space gap between FMSI and the others widens further for k‑mer sets that do not follow
the spectrum-like property (subsampled sketches, high-diversity metagenomes), where SPSS-
based representations become fragmented. Conversely, SSHash’s advantage is most pronounced
for streaming queries on long sequences, where super‑k‑mer caching amortizes lookups across
consecutive k‑mers. Among the three, only FMSI extends natively to dynamic updates and
set operations through f-masked superstrings; SSHash and SBWT remain static and rely on
external mechanisms for these tasks, the subject of dedicated chapters later in this thesis.

Table 10.1 summarizes these properties, using values from the benchmark of Pibiri and Patro
[PP26] on the human genome at 𝑘 = 31, publicly available at https://github.com/jermp/kmer_
sets_benchmark.

Table 10.1.: Summary of the three k‑mer indexing approaches discussed in this chapter, with
space and streaming lookup values for the human genome at 𝑘 = 31 from the
benchmark of Pibiri and Patro [PP26].

Approach Input
Static /
dynamic

Space
(bits/k‑mer)

Streaming lookup
(ns/k‑mer)

SSHash [PP26] SPSS static 10.01 74
SBWT [APV23] SPSS static 10.502 266
FMSI [SVB25] Masked

superstring
static or
dynamic3

3.31 1176

2The 4–5 bits / k‑mer reported earlier in the chapter doubles here because both strands of each k‑mer are indexed
to support canonical queries.

3Dynamic updates via f-masked superstrings.
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11. Necklaces and minimizers

�� Note

This chapter is partially adapted from Martayan et al. (2024), accepted to ISMB 2024 and
published in Bioinformatics.

While we have seen in Chapter 4 that minimizers can be used as a way to partition k‑mers
while preserving locality, we present in this chapter a new approach based on smallest cyclic
rotations, or necklaces. We will discuss some of their properties, highlight their connection to
lexicographic minimizers and explain how they can represent k‑mer sets efÏciently. In particular,
one property that will prove particularly useful is that necklaces of consecutive k‑mers often
share long prefixes.

11.1. Necklaces and their properties

Definition 11.1 (Necklace). We define the necklace ⟨𝑥⟩ of a string 𝑥 as its smallest cyclic
rotation: ⟨𝑥⟩ = min𝑖 rol𝑖(𝑥)

It’s pretty clear that the necklace transformation is not injective, for instance CAT, ATC and
TCA all have ATC as a necklace. Intuitively, each necklace of size 𝑘 acts as a representative of its𝑘 cyclic rotations, as depicted in Figure 11.1. The following property confirms this intuition and
shows that necklaces of size 𝑘 roughly account for a fraction 1𝑘 of all k‑mers:

Proposition 11.1 (Number of necklaces [Lot97]). Given an alphabet of size 𝜎, the number of
necklaces of size 𝑘 is given by 𝑁(𝑘) = 1𝑘 ∑𝑑|𝑘 𝜑 (𝑘𝑑) 𝜎𝑑 ∼ 𝜎𝑘𝑘
where 𝜑 denotes Euler’s totient function.

ACGAT

CGATA

GATAC ATACG

TACGA

Figure 11.1.: Example of all cyclic rotations of GATAC, with the necklace ACGAT highlighted in
color.
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11.1.1. Ranking necklaces

Because they only represent a fraction 1𝑘 of the universe, it should be possible to have an encoding
of necklaces that saves about lg 𝑘 bits. One way to obtain such encoding is to rank necklaces:
given a necklace ⟨𝑥⟩, find 𝑖 such that ⟨𝑥⟩ is the 𝑖-th smallest necklace of size 𝑘. Figure 11.2
illustrates the effect of ranking on necklaces of size 4.

AAAA CCCC GGGG TTTT

rank rank0 𝑁(𝑘)
Figure 11.2.: Repartition of necklaces in Σ4, applying rank maps all the necklaces to [0, 𝑁(𝑘)).

Sawada and Williams [SW17] proposed an algorithm to compute the rank of a necklace of size𝑘 in O(𝑘2), which is still the best known as of today. Unfortunately, this running time is quite
prohibitive for practical applications on large collections of necklaces where we typically aim
for near-constant queries. Finding a faster way to compute, even approximately1, the rank of a
necklace is still an open question.

11.1.2. Bijective encoding of k‑mers

We’ve seen that the necklace transformation is lossy in the sense that we cannot tell which of its
cyclic rotations it represents. Therefore, in addition to the necklace, we want to keep track of
the rotation offset in order to make the transformation reversible.
Definition 11.2 (Rotation offset). We define the rotation offset 𝜌(𝑥) of a k‑mer 𝑥 as the
minimum number of left rotations required to obtain its necklace:𝜌(𝑥) = argmin𝑖 rol𝑖(𝑥) rol𝜌(𝑥)(𝑥) = ⟨𝑥⟩

Since there are 𝑘 such rotation offsets, it requires ⌈lg 𝑘⌉ bits to encode 𝜌(𝑥). Thus, when
combined with the rank encoding of the necklace, this yields a fully reversible transformation
whose total size matches the original k‑mer up to an extra rounding bit.

11.1.3. Encoding canonical k‑mers

The encoding discussed above does not take the canonical aspect into account, but we can adapt
the technique of Wittler [Wit23] to save one additional bit when 𝑘 is odd. The idea is that,
when using the encoding presented in Section 6.2, the complement operation flips exactly one
bit for each base (e.g. A = 00 ↔ T = 10). Therefore, when 𝑘 is odd, the parity of the number of
1s (efÏciently computed with a popcount) changes between a k‑mer and its reverse-complement.
We can thus define a k‑mer as canonical if its number of 1s is odd, and safely erase its last bit:
if the remaining 2𝑘 − 1 bits have an odd number of 1s we know that the last bit must be 0,
otherwise it must be 1. From this (2𝑘 − 1)-bit encoding, we then apply the reversible necklace
transformation, this time using a binary alphabet. An example of this canonical encoding is
shown in Figure 11.3.

11.2. Necklaces of consecutive k‑mers

We’ve seen how to encode individual k‑mers as necklaces, but in most applications we actually
want to index consecutive k‑mers extracted from a sequence. We now discuss the benefits of
using necklaces in this context, and how this can be used to design a new data structure.
1For instance, we could afford mapping the values to an output space that’s 1% bigger than 𝑁(𝑘).
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starting position 

for the necklace

canonical ✔

canonical

necklace on 2k-1 bits

+ positions in k-mers in 

main structure

ATA

TTG

001000

101011 010000

00001

(CAA)

0 1 2 3 4 5

0 1 2 3 4 5
[2,3]

Figure 11.3.: Example of canonical necklace encoding for ATA and TTG. TTG has an even number
of 1s so it is first transformed into its reverse-complement CAA before applying the
necklace transformation. Both k‑mers end up having the same binary necklace, but
the rotation offsets distinguish them.

11.2.1. Runs of common prefixes

A key property of necklaces is that, when considering two consecutive k‑mers 𝑥 and 𝑦, their
necklaces tend to share a long prefix. The intuition behind this is quite simple: if 𝑥1 = 𝑦𝑘 their
necklaces are completely identical, and if 𝑥1 ≠ 𝑦𝑘 they are likely to differ by a single letter
at position 𝑘 − 𝜌(𝑥), with 𝜌(𝑦) = 𝜌(𝑥) − 1. The only situation where the necklaces diverge is
when the incoming letter 𝑦𝑘 creates a rotation that is lexicographically smaller than the current
necklace. This is more likely to happen when 𝜌(𝑥) is small, since the substitution then falls
closer to the start of the necklace. This phenomenon is illustrated in Figure 11.4, where we
can see runs of increasingly long prefix matches of length 𝑘 − 𝜌(𝑥) as we advance. We can also
notice that roughly 1/4 of the matches have length 𝑘, corresponding to the event where 𝑥1 = 𝑦𝑘.

0 20 40 60 80 100
0

10

20

30

Size of common prefix
 between necklaces of successive k-mers (k= 31)

Figure 11.4.: Length of the common prefix between necklaces of consecutive k‑mers with respect
to their position in the sequence, simulated on a random sequence with k = 31.

11.2.2. Computing necklaces with minimizers

While computing a necklace individually requires O(𝑘) operations since we have to consider
every rotation, we can accelerate this process down to O(log 𝑘) operations in the context of
consecutive k‑mers. The main property that we rely on is that the prefix of size 𝑚 of a given
necklace is always the smallest m‑mer in the circular word. In particular, this m‑mer is either
fully included in the original k‑mer or overlaps the k‑mer’s start and end, in that case we refer
to it as a boundary substring. Boundary substrings change for each new k‑mer, so we have to
recompute them every time. Non-boundary substrings, however, are preserved for consecutive
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k‑mers. Because of this, we can use classical algorithms for minimizers (such as those discussed
in Chapter 8) to compute the smallest non-boundary m‑mer in O(1) amortized time. Moreover,
we know that if m is large enough (Ω(log 𝑘)) the smallest m‑mer is unique with high probability
[ZKM20, lemma 9]. Therefore, by choosing 𝑚 = Θ(log 𝑘), we only have one non-boundary
m‑mer to consider w.h.p. and 𝑚 − 1 boundary m‑mers to compute, leading to O(log 𝑘) time
overall. In practice, we found that using substrings of 𝑚 = 9 bits gave the best results for k
ranging from 31 to 63. Our implementation of this algorithm can compute 100M necklaces per
second on a laptop with a M1 processor.

11.2.3. Super-necklaces

The connection between necklaces and lexicographic minimizers does not end here: just like
minimizers can group consecutive k‑mers into super‑k‑mers, consecutive necklaces can be grouped
into super-necklaces. The idea is simple: as long as 𝜌(𝑦) = 𝜌(𝑥) − 1, i.e. as long as we are in the
same run, only one letter is replaced at a time and we know its position. Therefore, assuming a
run of 𝑟 k‑mers 𝑥(1), … , 𝑥(𝑟), we can compactly encode all their necklaces ⟨𝑥(1)⟩ , … , ⟨𝑥(𝑟)⟩ as a
tuple of strings containing 𝑟 + 𝑘 − 1 bases:(⟨𝑥(1)⟩ , ⟨𝑥(𝑟)⟩ [𝑘 − 𝑟 + 2, 𝑘])
Using this representation, we can recover all individual necklaces by combining a prefix of the
first string with a sufÏx of the second:⟨𝑥(𝑖)⟩ = pref𝑘−𝑖+1(⟨𝑥(1)⟩) ⋅ suff𝑖−1(⟨𝑥(𝑟)⟩)
11.3. CBL: a dynamic data structure for k‑mer sets

Building on the necklace representation described above, we now present CBL (Conway-Bromage-
Lyndon), a compressed and dynamic data structure for exact k‑mer set representation, available
at https://github.com/imartayan/CBL. As highlighted in the previous section, necklaces of
consecutive k‑mers tend to share long common prefixes, making them amenable to prefix-based
compression. Moreover, since k‑mer sets extracted from biological sequences are sparse in[0, 22𝑘−1 − 1], necklaces concentrate towards small values and many share common prefixes.
We exploit this skewness with a quotienting strategy, storing prefixes and sufÏxes separately.
Figure 11.5 gives a schematic overview of the resulting structure.

11.3.1. Quotienting sets of necklaces

To achieve compression, we select a prefix size 𝑝 and store prefixes and sufÏxes of necklaces
separately, the sufÏx being 2𝑘 − 1 − 𝑝 bits long. The rationale is that many necklaces share the
same prefix, particularly since their distribution is skewed towards smaller values. Quotienting
thus concentrates the bulk of the set into a small number of prefix buckets, each holding a short
list of sufÏxes.

11.3.2. Prefix data structure

For the storage of prefixes, we use a bitvector of size 2𝑝. To facilitate rapid access and insertion
by rank, a structure supporting efÏcient dynamic rank/select operations is required. Several such
structures have been discussed in the literature [Vig08; GP13; ZAK13], but dynamic variants
are comparatively rare. We adopt an implementation based on [MV20; PK21; DPR22] that
supports fast dynamic rank/select.

The key ingredient is a Fenwick tree, an efÏcient data structure for prefix sums of a dynamic
array. Here the array elements are bits, so the binary rank at any position equals the prefix sum
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up to that position. This arrangement allows rank to be computed in O(log 2𝑝) = O(𝑝) time by
traversing the tree, and updates are equally efÏcient.

aaaaaccgcc
aaaaaccgct
aa...
aa...
ac...
ac...
ac...

cc...
cc...
cc...

cg...

gg...
gt...

gt...

tt...

aaaa

ac..

cc..

cg..

gg..

gt..

tt..

ac
cg

cc
ct

bitvector 

storing prefixes

tiered vector

storing pointers

vectors/tries 

storing suffixes

rank

plain necklace vector

k-mers

gccaaaaacc

ccaaaaaccg

gctaaaaacc

...

p

CBL's data-structure

Figure 11.5.: Schematic view of CBL’s data structure. For clarity, the example uses lexicographic
rather than binary necklaces. The full necklace vector is shown on the left, with
two overlapping k‑mers sharing closely related necklaces. Prefixes are stored in a
bitvector and associated to sufÏx buckets via their rank.

11.3.3. Associating prefixes to suffixes

For associating each prefix with its corresponding list of sufÏxes we use a tiered vector [BCEG17].
This structure maps each prefix rank to a bucket of sufÏxes by storing a pointer at the index
corresponding to that rank. Insertions and deletions are supported at any position in O(𝑛𝜀)
time (where 𝑛 is the total number of elements and 𝜀 < 1), while access remains O(1).

Tiered vectors maintain a dynamic sorted array in the leaves of a shallow tree (internal depth
4 in our implementation). Fast insertion is achieved by filling available slots in the leaves; since
this may disturb leaf order, internal nodes store the rotations needed to restore the correct
ordering.

11.3.4. Suffix storage

As noted in previous studies, the distribution of small-sized genomic words is highly skewed. We
therefore expect most buckets to hold only one or a few sufÏxes, with a minority containing many.
To handle both cases efÏciently, we use an adaptive strategy. Small buckets store sufÏxes in a
contiguous vector that is scanned linearly. Large buckets (more than 1024 elements by default)
switch to a trie, exploiting the high sufÏx similarity typically found there, e.g. from repetitive
or low-complexity regions. The trie uses 1 byte per level; for vector-based storage, sufÏxes are
likewise divided into bytes to minimize footprint. The rotation offset (see Definition 11.2) is
encoded in the trailing bits of each sufÏx to make the transformation reversible.
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11.3.5. Operations

The main operations (membership, insertion, deletion) follow the same pipeline:

1. compute the necklace and rotation offset of the k‑mer (as described above), and append
the rotation offset at the end of the necklace

2. split the result into a prefix 𝑞 of 𝑝 bits and a sufÏx 𝑟
3. look up the prefix in the bitvector
4. compute the rank of 𝑞 using the Fenwick tree
5. retrieve the bucket associated to that rank via the tiered vector
6. perform membership/insertion/deletion of 𝑟 in the bucket:

• for small buckets, scan the vector linearly
• for large buckets, navigate the trie byte by byte

When the necklaces of consecutive k‑mers share the same prefix 𝑞, steps 1–5 only need to be
performed once and the remaining operations are batched on the same bucket. This optimization
is particularly effective when streaming all k‑mers of a sequence.

11.3.6. Informal comparison to Elias-Fano

CBL’s quotienting layout is analogous to Elias-Fano encoding for sorted integers: both split
elements into high (prefix) and low (sufÏx) parts stored separately. The key difference is in how
sufÏxes are handled. Elias-Fano omits an explicit prefix-to-sufÏx mapping and stores all sufÏxes
contiguously, achieving higher compression but making insertion expensive by shifting many
elements. Dynamic adaptations of Elias-Fano have been proposed by Pibiri and Venturini [PV17]
but have no practical implementation yet. CBL trades some compression for full dynamicity:
every layer of the structure supports insertions and deletions efÏciently.

11.3.7. Implementation details

The necklace and rotation offset are packed into a single primitive integer of up to 128 bits. The
combined size 2𝑘 − 1 + ⌈log2(2𝑘 − 1)⌉ must therefore stay below 128 bits, limiting support to𝑘 ≤ 59.

The prefix size 𝑝 is a compile-time parameter, supported up to 32 bits. We use 𝑝 = 24 bits as
a default, balancing the size of the prefix bitvector (2𝑝 bits) against the load on sufÏx buckets.
Increasing 𝑝 for very large sets reduces bucket sizes and speeds up bucket operations.

11.4. Comparison against other indexes

We conducted extensive benchmarks on the CBL library, focusing on its ability to represent
and manipulate k‑mers in various biological datasets. All experiments were performed on a
single cluster node with an Intel(R) Xeon(R) Gold 6130 CPU @ 2.10GHz, 128 GB of RAM, and
Ubuntu 22.04. Experiment scripts, competing tools, and plot generation code are available at
https://github.com/imartayan/CBL_experiments.

We compare CBL against two state-of-the-art static structures: SSHash [Pib22], a minimal-
perfect-hash-based k‑mer index, and SBWT [APV23], a succinct full-text k‑mer index. Among
dynamic structures we include Bifrost [HM20], a colored de Bruijn graph supporting insertions,
and BufBOSS [Ala+21], a BWT-based de Bruijn graph with insertion/deletion buffers. We also
include Rust’s HashSet (based on Google’s Swiss Tables) as a generic dynamic baseline.
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11.4.1. Index construction

For our initial experiment, we built indexes on an expanding collection of bacterial genomes. We
randomly selected subsets of genomes from which we computed a compacted de Bruijn graph
(unitig set), doubling the subset size each time. The largest file comprised 1024 genomes and
1,574,701,184 distinct k‑mers. Time and memory usage are reported in Figure 11.6.

SSHash is the best overall performer in terms of construction speed and memory, but it is
static and requires duplicate-free input. HashSet is similarly fast but uses more memory. CBL
is slightly slower than both while matching SSHash’s memory footprint. SBWT is slower than
these three despite being static, with memory comparable to HashSet. Bifrost is significantly
slower but equally memory-efÏcient to SSHash and CBL. BufBOSS is the slowest and most
memory-intensive tool.

The fact that CBL matches the throughput of a high-performance hash table while being
equally memory-efÏcient is particularly noteworthy. Importantly, Bifrost, HashSet, and CBL are
the only tools that accept any FASTA input directly. The other tools require a k‑mer counting
preprocessing step (e.g. KMC3 for SBWT and BufBOSS, unitig assembly for SSHash), which
externalizes part of their construction cost and may impose heavy disk usage.
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Figure 11.6.: Time and RAM used when constructing various indexes on a growing bacterial
genome collection from RefSeq, for 𝑘 = 31 and 𝑝 = 28 bits.

11.4.2. Queries

To evaluate query performance we benchmark positive queries (k‑mers present in the index)
and negative queries separately. Positive queries use the input unitigs’ k‑mers; negative queries
use randomly generated k‑mers with a negligible probability of being present. Results are
shown in Figure 11.7, reporting query time and RAM usage per k‑mer, averaged over a series of
experiments.

As expected, static structures and BufBOSS use very little RAM during queries, while other
dynamic structures are more memory-intensive. SSHash and SBWT are the fastest for queries;
BufBOSS is the slowest. Among dynamic structures, CBL and Bifrost have the smallest memory
footprint, while HashSet is the most demanding.

The relative ranking changes between positive and negative queries: Bifrost is fastest for
positive queries (with CBL and HashSet close behind) but slowest for negative ones. HashSet
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excels at negative queries, slightly outperforming even SSHash. CBL consistently maintains high
throughput and low memory usage across both query types.
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Figure 11.7.: Time/memory trade-off when performing streaming queries of present/absent
k‑mers, for 𝑘 = 31 and 𝑝 = 28 bits; each point is averaged over a series of
experiments.

11.4.3. Insertion and deletion

To assess update performance, we measure the cost of inserting and deleting k‑mers; results
are shown in Figure 11.8. Among the four tools supporting insertion, CBL and HashSet are
the fastest, processing each k‑mer in under a microsecond. Bifrost is approximately an order of
magnitude slower, and BufBOSS another order of magnitude behind that. Memory usage is
comparable across tools; BufBOSS is the most efÏcient, followed by Bifrost, HashSet, and CBL.

For deletion (not supported by Bifrost), the remaining tools show a similar pattern: CBL and
HashSet lead in speed, BufBOSS lags by an order of magnitude, and memory usage is lowest for
BufBOSS, then CBL, then HashSet.

11.5. Perspectives

The use of necklaces as a k‑mer representation is relatively recent, and many directions remain
open. One open question concerns the rank of a necklace: the best known algorithm runs in
O(𝑘2) [SW17], which makes it impractical for large-scale use. A promising avenue would be to
compute an approximate rank, mapping necklaces to a space slightly larger than 𝑁(𝑘) but still
O(𝑘) times smaller than the original k‑mer space. Piecewise linear approximation, as used in
the PLA-index [AM24], could provide such an approximation with controllable error, and would
be a natural fit given the distribution of necklaces.

A second open question is the integration of super-necklaces into an actual index. We
introduced the super-necklace representation and showed that it compactly encodes runs of
consecutive necklaces sharing the same prefix, but this structure has not yet been connected to
a data structure supporting efÏcient retrieval. Adapting the trie component of CBL to operate
directly on super-necklaces is one concrete direction: within a run, successive sufÏxes differ by
a single letter at a known position, which could allow the trie to share internal nodes more
aggressively than it currently does.
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Figure 11.8.: Time/memory trade-off when performing k‑mer insertions/deletions (bottom), for𝑘 = 31 and 𝑝 = 28 bits; each point is averaged over a series of experiments.

Regarding CBL itself, several implementation-level improvements are within reach. The
current implementation is single-threaded, though sufÏx buckets are independent given a fixed
prefix and could straightforwardly be distributed across threads. The core necklace computation
and bucket scan operations are also good candidates for SIMD vectorization, and the techniques
developed in Chapter 8 could serve as inspiration. The trie structure used for large buckets can
also consume significant memory, which could be addressed by using a more compact alternative
such as an adaptive radix tree [LKN13]. CBL being a fully dynamic structure also opens up
possibilities beyond simple membership queries, which we explore in the next chapter.
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�� Note

This chapter is partially adapted from Martayan et al. (2024), accepted to ISMB 2024 and
published in Bioinformatics.
The original paper reported benchmarks on set operations but did not describe the
underlying algorithms. We present them here with refinements made since publication,
together with new discussions on exponential search and connections to database query
engines.

The previous chapter introduced CBL as a compressed, dynamic structure for exact k‑mer set
representation and established its competitive performance for membership queries, insertions,
and deletions. We now turn to a class of operations that most k‑mer structures do not support at
all: set operations. Union, intersection, and difference are fundamental to pangenomic workflows:
merging sequencing runs, identifying k‑mers shared across all samples in a cohort, removing
contaminant sequences. Yet they are typically performed either approximately, using lossy
Bloom-filter-based methods [SBK22; LMCP22], or by reloading sets into a general-purpose hash
table. At the time of writing, CBL was, to our knowledge, the only exact k‑mer structure to offer
in-place set operations. We explain what enabled this, what algorithmic machinery underlies it,
and when the approach wins (or loses) against hash-based alternatives.

12.1. The sorted-iterator interface

The key enabler of efÏcient set operations in CBL is that its internal layout naturally yields a
sorted stream of k‑mers. Traversing the prefix bitvector in rank order and, for each occupied
prefix, scanning its sufÏx bucket in turn produces all stored k‑mers in lexicographic order. Each
bucket stores sufÏxes as either a flat vector or, once it exceeds a size threshold, a trie. Tries are
inherently sorted; only flat-vector buckets require an explicit sort, performed lazily when a set
operation is requested. Since flat-vector buckets are small by definition, this per-bucket sort is
cheap.

This sorted-iteration property transforms set operations into classical merge problems. Given
two sorted streams, union and intersection can be computed in a single linear pass, consuming
each stream once from left to right. By contrast, the hash-based alternative checks each element
of one set against the other, requiring one random memory access per element. We examine the
performance consequences of this difference in Section 12.4.

12.2. Multi-way set operations

CBL’s set operations are implemented on top of iter-set-ops (available at https://github.com/
imartayan/iter-set-ops), a Rust crate that performs intersection, union, and difference over an
arbitrary number of sorted deduplicated iterators. Generalizing to 𝑠 > 2 sets costs O(𝑛 log 𝑠)
rather than the O(𝑛𝑠) of repeated hash lookups, with no change to the algorithm structure. All
operations are lazy: they return iterators that advance their inputs on demand, so the result
can be streamed without materializing it in memory.
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12.2.1. Union

The union of 𝑠 sorted iterators is computed with a binary heap-based 𝑠-way merge. Each iterator
contributes its current front element to a min-heap; at each step the minimum is extracted and
its source iterator is advanced; if the new front matches the extracted value, that iterator is also
advanced to suppress duplicates before inserting back into the heap. Total cost is O(𝑛 log 𝑠) for𝑠 iterators of combined size 𝑛.
12.2.2. Intersection

Intersection uses a max-index tracking strategy rather than a heap. A “front” array holds the
current element of each iterator. The algorithm records the index of the iterator holding the
current maximum; all other iterators are advanced until they either match or overshoot that
maximum. When all fronts are equal, the element is yielded and all iterators advance together.

This approach benefits from early termination: as soon as any iterator is exhausted, the
computation stops. When the intersection is sparse, with few k‑mers shared across all 𝑠 sets, this
happens well before the inputs are consumed and the actual cost falls well below the O(𝑛 log 𝑠)
worst case.

12.2.3. (Symmetric) difference

Set difference advances the left iterator and, for each left element, advances all right iterators
until their fronts are ≥ the left element; if any right front equals the left element it is suppressed.
This runs in O(𝑛 + 𝑚) for a left set of size 𝑛 and right sets of combined size 𝑚.

12.3. Prefix-level pruning

CBL exploits its quotiented layout to perform set operations at the prefix level before descending
to sufÏxes. When scanning two CBL structures in tandem, both prefix bitvectors are advanced
simultaneously. If one structure has no bucket for a given prefix rank, the entire prefix range
is skipped using a single rank/select query, with no sufÏx work performed. Only when both
structures share an occupied prefix do their sufÏx buckets enter the merge or intersection routine.

Because necklace values are skewed towards small values (as discussed in Chapter 11), many
prefix slots are empty, and this pruning eliminates a large fraction of the work in practice.
When k‑mer sets are biologically related, their occupied prefix ranges overlap heavily, so the
relative saving shifts to the sufÏx level. Identical necklaces are then handled by a zero-cost path
that advances both iterators simultaneously. In-place mode further reduces peak memory by
modifying one input structure directly, avoiding the allocation of a third.

12.4. Benchmarks

To evaluate the practical impact of sorted iteration, we compare CBL against HashSet, a hash
table based on Google’s Swiss Tables, on intersection and union of k‑mer sets built from an
expanding collection of bacterial genomes, ranging from 107 to 109 k‑mers (𝑘 = 31, 𝑝 = 28 bits).
Time and memory results for intersection are shown in Figure 12.1, and for union in Figure 12.2.

CBL achieves 200 ns per k‑mer on intersection and 500 ns per k‑mer on union; HashSet requires
400 ns and 900 ns respectively. The memory advantage is larger: CBL’s in-place operations do
not allocate a result structure, while HashSet must construct a third hash table. Comparable
trends hold for set difference and symmetric difference. These results reflect a broader pattern:
at the scale typical in genomics, with large sets streamed across many samples, sorted iteration
consistently outperforms hash-based alternatives.
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Figure 12.1.: Time and memory trade-off when performing set intersections, for 𝑘 = 31 and𝑝 = 28 bits.
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Figure 12.2.: Time and memory trade-off when performing set union, for 𝑘 = 31 and 𝑝 = 28
bits.
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12.5. Exponential search for skewed set sizes

The linear scan of merge-based algorithms is efÏcient when the two sets are of comparable
size, but wasteful when one set is much smaller. Consider intersecting a small query set of 𝑚
k‑mers against a large index of 𝑛 k‑mers with 𝑚 ≪ 𝑛: iterating through all 𝑛 elements to find 𝑚
matches is suboptimal.

Exponential search [BY76] addresses this: rather than advancing one step at a time in the
large iterator, double the stride until overshooting the target, then binary-search within the
overshot interval. The cost per match found is O(log 𝑑) where 𝑑 is the gap to the next match.
Demaine et al. [DLM00] extended this to multi-way intersection. For two sets of sizes 𝑚 ≪ 𝑛,
the cost specializes to O(𝑚 log(𝑛/𝑚)), a significant improvement over the O(𝑛 + 𝑚) linear scan.
An alternative achieving the same average complexity is the double binary search of Baeza-Yates
and Salinger [BS10]: binary-search the median of the smaller set in the larger one, then recurse
on both halves. In practice both approaches outperform linear merge when the size ratio is large.

The iter-set-ops library uses max-index tracking for intersection, advancing all iterators
towards the current maximum, but without the exponential stride; it therefore remains O(𝑛+𝑚)
in the two-set case. Adding exponential search would reduce this to O(𝑚 log(𝑛/𝑚)) for skewed
sizes. The gain is largest whenever set sizes are strongly skewed: a small query intersected
against a large reference, a small contaminant set removed from a large assembly, or a multi-way
intersection across very unequally-sized sets. In the last case, the largest iterator should always be
the one advanced with exponential jumps. Applying this to CBL would however require random
access into sufÏx buckets to binary-search within the overshot interval, which is incompatible
with the trie representation currently used for large buckets. Supporting exponential search
would therefore require redesigning large buckets with a structure that supports both sorted
iteration and random access.

12.6. Perspectives from database query engines

The algorithmic landscape of k‑mer set operations has strong connections to classical database
join strategies [Gra93], suggesting that techniques developed for query engines could benefit
k‑mer set processing. CBL’s sorted-iterator approach resembles sort-merge join, while HashSet
resembles hash join. When one set is very small, the pattern corresponds to index-nested loop join:
iterate over the small set and perform membership queries on the large index, using exponential
search to skip large gaps. CBL’s prefix-level pruning is analogous to partition pruning in query
optimizers.

A related opportunity comes from the information-retrieval literature: Lemire et al. [LBK15]
showed that SIMD-accelerated intersection nearly doubles throughput on inverted-index posting
lists, a setting structurally similar to k‑mer set intersection on sorted lists. More broadly, adaptive
strategy selection and partition-parallel processing have precedent in the database literature but
remain unexplored for k‑mer sets. The structural similarities between k‑mer set operations and
relational query processing suggest that this literature is a productive source of inspiration for
future work.
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�� Note

This chapter is partially adapted from Smith et al. (2024), currently under review.
Yoann Dufresne and Antoine Limasset designed the original prototype. Caleb Smith
improved and completed the implementation. We discussed algorithmic improvements
together and I wrote experiments scripts. The final section presents my ongoing work on
deduplication strategies, not part of the original paper.

Section 4.3 introduced super-k‑mers as a natural byproduct of minimizer-based parsing:
consecutive k‑mers sharing a minimizer are grouped into a single string, reducing both the
number of objects to index and the memory needed to represent each one. This chapter asks
whether super‑k‑mers can serve as the primary representation inside a dynamic k‑mer dictionary,
replacing individual k‑mer entries altogether.

Using super‑k‑mers as a full dictionary representation, however, raises two practical challenges.
The first is lookup: given a k‑mer, finding it efÏciently inside a bucket of super‑k‑mers is not
straightforward, because sorting super‑k‑mers lexicographically does not help locate a specific
k‑mer. The second is load balancing: minimizer partitions are highly non-uniform on real genomic
data, so a handful of very large buckets can dominate overall query time. The main contributions
of this chapter are a super‑k‑mer encoding called the interleaved transform that enables binary
search within a bucket, and a superbucket scheme that flattens the skewed minimizer distribution.
We also place the super‑k‑mer-level approach in relation to the k‑mer-level approach of the
previous chapter. The interleaved transform and superbucket scheme are implemented in Brisk,
available at https://github.com/Malfoy/Brisk.

13.1. Interleaved super‑k‑mers

13.1.1. Lazy encoding of minimizers

The dictionary is organized as a collection of buckets, one per minimizer: each k‑mer is routed to
the bucket of its minimizer and stored implicitly inside one of the super‑k‑mers held there. Since
all super‑k‑mers in a bucket share the same minimizer, we can avoid storing that minimizer in
each super‑k‑mer. In a maximal super‑k‑mer, the position of the minimizer within the sequence
is determined by the super‑k‑mer’s length, so the minimizer can be omitted from the encoding
and reconstructed on demand. This lazy encoding lowers the per-k‑mer bit cost: a maximal
super‑k‑mer of length 2𝑘 − 𝑚 bases encodes on average (𝑤 + 1)/2 k‑mers, giving a ratio of8(𝑘−𝑚)𝑤+1 = 8 (1 − 1𝑤+1) bits per k‑mer, which for practical values of 𝑘 and 𝑚 is slightly below 8
bits.

To simplify memory management and allow constant-time access to any super‑k‑mer in a list,
every super‑k‑mer is allocated at its maximum possible length of 2𝑘 −𝑚 bases, with bases packed
at 2 bits each. The actual extent of each super‑k‑mer is recorded in two small fields, its number
of k‑mers and the position of its minimizer within it. The first determines the super‑k‑mer’s total
length, and together with the second they fix the number of bases on each side of the minimizer,
so positions beyond either side are known and can be treated as a sentinel N when needed. This
wastes some space compared to a tightly packed variable-length encoding, but avoids storing
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per-super‑k‑mer offsets and makes the list amenable to binary search.

13.1.2. The bucket lookup problem

Looking up a k‑mer in its bucket means checking whether it appears in any of the super‑k‑mers
stored there. A k‑mer has at most one possible position within a given super‑k‑mer, determined
by the relative positions of their minimizers, so each individual comparison is cheap. The
difÏculty is that buckets can be very large, so a linear scan may end up being costly.

To use binary search, we need to sort the super‑k‑mers. However, standard lexicographic order
does not help here: it weights the outermost bases first, which are the least shared among the
k‑mers of a super‑k‑mer. The leftmost base of a maximal super‑k‑mer belongs to only one of its
k‑mers, the next to two, and so on inward toward the minimizer. Effective binary search needs
the discriminating bases to come first, but lexicographic order puts them last.

13.1.3. Interleaving

We propose a base reordering, the interleaved transform, that addresses this. The interleaved
form of a super‑k‑mer starts with the minimizer sequence, then alternates between the base
immediately to its left and the base immediately to its right, expanding outward until all
positions are exhausted. Positions with no base (because the super‑k‑mer does not extend as far
in one direction) are filled with the character N. Figure 13.1 shows examples of this transform.

Bucket AAAAAAA:                      Bucket AAAAAAA:

AGCTTAGCTGAAAAAAACTGCATGTAG           CGTTGCCGAATTGTTCAGGA

          AAAAAAACTAGCTAGCT           CNTNANGNCNTNANGNCNTN
CATGCATGTAAAAAAAA                     NANTNGNTNANCNGNTNANC
 CTAGCATGAAAAAAAACGTTTAG              CAGGTTTATCAGGANTNCNN

Figure 13.1.: Toy example of the AAAAAAA bucket associated to four super‑k‑mers in their
interleaved representation.

The same transform applies to a k‑mer, viewed as a super‑k‑mer of minimal length, and gives
a key property: a k‑mer is contained in a super‑k‑mer if and only if its interleaved form is a
prefix of the interleaved super‑k‑mer, with N matching any character. To see why, note that
interleaving lists positions outward from the minimizer. A k‑mer contained in a super‑k‑mer
extends in both directions no further than the super‑k‑mer does, so its positions come first in
the interleaved order. Its bases therefore form a prefix of the super‑k‑mer’s interleaved form,
with N filling the positions beyond the k‑mer’s own extent.

Given this property, super‑k‑mers can be sorted lexicographically in their interleaved form
and queried by binary search. Each non-N base in the query k‑mer narrows the search space
by a factor of up to four, so in most cases the bucket is searched in O(log𝑆) steps rather than
O(𝑆). Figure 13.2 illustrates several example searches in a bucket of 32 super‑k‑mers.

13.1.4. Limitations

Because N must match any character, a step involving an N does not reduce the search space,
and all four sub-searches must be pursued in parallel from that point. This is harmless when N
characters appear only at the end of the query, after the search space has already been reduced
to a small number of candidates. It is costly when the minimizer sits at the very start or end of
the k‑mer, which places N characters at the beginning of the interleaved form and prevents any
early reduction of the search space, as in k‑mer 2 and 3 of Figure 13.2. Such k‑mers degrade
to near-linear probing. In practice, the minimizer occupies an interior position for the large
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MAACACTAA

MAACGCAC

MACATCTGC

MACGTCCG

MAGCAGTTG

MAGCGCG

MATATCG

MATTTCGTT

MCACAACA

MCACGGC

MCCCAAATA

MCCCGGGG

MCGCTATTC

MCGGGGCA

MCTCTACT

MCTTGGATC

MGACACTG

MGACGCTGG

MGCATCACT

MGCGGCGAA

MGGCACCC

MGGCGCTT

MGTATCCGC

MGTTTCGA

MTACAAACT

MTAGGGTG

MTCCAACG

MTCGGGGAT

MTGCTAACT

MTGGGCTA

MTTCTACGA

MTTTGGTC

Kmer1:

TCMAG

Interleaved1:

MACGT

Kmer3:

CAGTM

Interleaved3:

MNTNGNANC

Kmer2:

MTGCA

Interleaved2

MTNGNCNA

Figure 13.2.: Examples of k‑mer search in a bucket of 32 super‑k‑mers. M denotes the bucket
minimizer. Colored bars show the successive search spaces after each step. k‑mer 1
(blue) reaches a unique match quickly. k‑mer 2 (green) encounters an N mid-search
and briefly stalls before the next base resolves the search. k‑mer 3 (red) starts with
an N and must explore all four branches at the first step, recovering only after a
discriminating base is found.
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majority of k‑mers, so this worst case is rare, arising mainly at sequence boundaries or with very
small window sizes.

13.2. Load balancing and superbuckets

13.2.1. Skewed bucket sizes

The interleaved sort provides sublinear lookup within a bucket, but the benefit is diluted when
bucket sizes are highly skewed. As established in Chapter 10, minimizer partition sizes are
highly non-uniform in practice: a small fraction of minimizers attract a disproportionately large
number of super‑k‑mers, and these very large buckets can dominate overall query time even
when the average size is moderate. The challenge is to flatten this distribution without breaking
the bucket abstraction that makes binary search possible.

13.2.2. Superbuckets via bijective hashing

Applying a hash function to minimizer values would spread them uniformly across buckets, but
a surjective hash introduces collisions between distinct minimizers, which is incompatible with
an exact structure. We use a bijective hash instead, a reversible permutation over minimizer
values, which achieves the same uniformity while letting us recover the original minimizer from
its hashed value.

We then group the 4𝑚 possible minimizer buckets into 4𝑏 superbuckets by using the first 𝑏
bits of each hashed minimizer value as the superbucket index. Each superbucket aggregates4𝑚−𝑏 original buckets, and because the permutation distributes minimizer values uniformly,
superbucket sizes are far less skewed than individual bucket sizes. Figure 13.3 shows the successive
construction steps.

Within a superbucket, super‑k‑mers from different minimizer buckets remain distinguishable
because the full interleaved form starts with the hashed minimizer, which is distinct across
buckets. Binary search therefore traverses the minimizer prefix at no extra cost before entering
the bucket-specific portion of the sorted list.

1)Superkmers:       2)Interleaved:         3)Hashed minimizers: 4)SuperBucket AA:   5)Sorted SuperBucket 
AA: 

TACTTCATGGC TTCATGCGACT   AACCGGCGACT  CCGGCGACT   CCGATTACG
ACGGGACGTAT GGACGTGACTA   AATTCTGACTA  TTCTGACTA   CCGCCCGGC
CGTGGACGCAC GGACGCTAGCC   AATTCCTAGCC  TTCCTAGCC   CCGGCGACT
CGCTTCATCCG TTCATCCCGGC   AACCGCCCGGC  CCGCCCGGC   TTCCTAGCC
GATTTCATATC TTCATATTACG   AACCGATTACG  CCGATTACG   TTCTGACTA

Figure 13.3.: Construction steps of a superbucket. Minimizers are highlighted in yellow. Plain
super‑k‑mers (1) are rewritten in interleaved form (2), the minimizer is replaced by
its hashed value (3), the common superbucket prefix is made implicit (4), and the
list is sorted (5).

13.2.3. Sorting and buffering

Maintaining a strictly sorted list on every insertion would require an O(𝑆) shift per operation,
which becomes expensive as buckets grow. A practical solution is to keep a small unsorted buffer
alongside the sorted list. New super‑k‑mers enter the buffer and are scanned linearly until 1000
new entries have accumulated, at which point only the new chunk is sorted and merged into
the existing sorted portion via std::inplace_merge. This amortizes sorting cost across many
insertions without changing asymptotic lookup time, and avoids ever re-sorting the full list. A
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larger threshold reduces sorting frequency and speeds up insertion, but slows queries because
more candidates must be scanned linearly before the sorted portion is searched. The threshold
therefore acts as a tradeoff between insertion and query throughput.

13.3. Super-k‑mer versus k‑mer level representation

The structure presented in Chapter 11 for CBL and the one described in this chapter represent
two distinct approaches to organizing a dynamic k‑mer dictionary: one stores each k‑mer as an
independent record, the other groups them implicitly inside super‑k‑mers.

In a k‑mer-level structure, each k‑mer is an independent record, and insertion, lookup, and
deletion each act on exactly one entry. This conceptual simplicity also enables straightforward
optimizations: as discussed in Chapter 12, CBL’s sorted-iterator layout supports efÏcient in-place
set operations while remaining memory-efÏcient. Because every k‑mer maps to a unique canonical
representative, deduplication is structural rather than a separate concern.

In a super‑k‑mer-level structure, k‑mers are stored implicitly inside longer strings. The benefit
is that neighboring k‑mers sharing a minimizer are encoded together, and the shared minimizer
is not repeated. This gives a lower bits-per-k‑mer footprint, and insertion is streaming-friendly
since a new super‑k‑mer is placed directly into the appropriate bucket without decomposing it
into individual k‑mers.

The main cost is that the same k‑mer can in principle appear in multiple super‑k‑mers, typically
when the same region is covered by overlapping reads. In CBL, deduplication is inherent since
each k‑mer maps to a unique necklace and a unique bucket entry. In a super‑k‑mer structure,
deduplication requires either a membership test before every insertion (which partially erases
the throughput advantage) or a post-processing step that is incompatible with streaming use.
This remains an open problem and the primary structural limitation of the super‑k‑mer-level
approach. We explore several directions for addressing it in Section 13.5.

A second consideration is the granularity of per-k‑mer operations. In a k‑mer-level structure,
the annotation or count associated with a single k‑mer can be updated in isolation. In a
super‑k‑mer-level structure, accessing that annotation requires locating the k‑mer within its
containing super‑k‑mer, which is a lookup rather than a direct address. For applications where
every k‑mer is visited at most once (graph traversal, read mapping), this difference is negligible.
For applications that revisit k‑mers frequently or require deletion, the k‑mer-level approach is
more natural.

13.4. Performance in practice

We compare Brisk against three reference structures: Jellyfish [MK11], a popular k‑mer counter
built on an efÏcient hash table; CBL [MCLM24], the dynamic k‑mer set structure discussed in
Chapter 11; and the standard Rust HashMap, used as a baseline for general-purpose dynamic
dictionaries. Benchmarks were performed on growing collections of bacterial genomes (20 to 214
genomes), at two k‑mer sizes: 𝑘 = 31, a common choice that fits in a 64-bit integer, and 𝑘 = 59,
the maximum size supported by CBL.

Figure 13.4 shows the memory footprint and construction time across all four tools. For both
k‑mer sizes, Brisk uses substantially less memory than the reference structures, and the gap
widens at 𝑘 = 59 as hash-based methods store proportionally more bits per k‑mer while Brisk’s
lazy encoding amortizes the cost across each super‑k‑mer. At 𝑘 = 31, Brisk matches Jellyfish’s
throughput. At 𝑘 = 59 it becomes the fastest of the four.

The multi-threaded comparison is not entirely fair, however: Brisk and Jellyfish parallelize,
whereas CBL and the Rust HashMap do not. Figure 13.5 isolates this by repeating the benchmark
on a single core. The picture is qualitatively similar: Brisk is slightly slower than the Rust
HashMap at 𝑘 = 31 but remains the fastest indexer at 𝑘 = 59.
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(a) Memory usage for 𝑘 = 31 (b) Construction time for 𝑘 = 31

(c) Memory usage for 𝑘 = 59 (d) Construction time for 𝑘 = 59
Figure 13.4.: Multi-threaded performance of Brisk, Jellyfish, CBL, and Rust HashMap across

growing collections of bacterial genomes, for 𝑘 = 31 (top) and 𝑘 = 59 (bottom).

(a) Single-threaded construction time for 𝑘 = 31 (b) Single-threaded construction time for 𝑘 = 59
Figure 13.5.: Single-threaded construction time of Brisk, Jellyfish, CBL, and Rust HashMap,

controlling for the fact that CBL and Rust HashMap are not parallelized.
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13.5. Toward streaming deduplication

The structural limitation of super‑k‑mer dictionaries identified above stems from a single
underlying cause: testing which k‑mers of a query are already present requires locating them
one by one inside the containing super‑k‑mers. A natural way to bypass this is to express
every such operation as a check on the prefixes and sufÏxes of super‑k‑mers themselves, without
materializing individual k‑mers. I am exploring this direction in an ongoing work, prototyping a
dynamic super‑k‑mer dictionary that supports on-the-fly deduplication and compaction.

13.5.1. A compact super‑k‑mer representation

The approach I propose packs each super‑k‑mer into a compact two-word encoding. The first
word holds the minimizer along with the prefix and sufÏx lengths. The second word holds the
prefix and sufÏx bases interleaved at the bit-pair level: positions in the word alternate between
left bases and right bases, with 2 bits per base. This fits up to 16 bases on each side of the
minimizer, giving the constraint 𝑘 − 𝑚 ≤ 16.

In this layout, comparing two super‑k‑mers that share the same minimizer reduces to a single
XOR between their encodings, followed by independent leading-zero counts over the left and
right halves. The result is a pair (𝑝𝐿, 𝑝𝑅), the lengths of the common interleaved prefix on each
side, computed in a few cycles. The same representation supports constant-time truncation of
either side and stitching the left side of one super‑k‑mer with the right side of another. These
operations are enough to manipulate super‑k‑mers without ever scanning bases individually.

13.5.2. Coverage-based insertion

Given a query super‑k‑mer 𝑄, the goal at insertion time is to determine which of its k‑mers
are already present in the bucket, and only store the new ones. The candidates to compare
against are the bucket’s super‑k‑mers that share 𝑄’s minimizer, found by binary search on the
sorted prefix of the bucket. For each candidate 𝑆, the comparison above returns a pair (𝑝𝐿, 𝑝𝑅)
measuring how far the two super‑k‑mers agree on each side of the minimizer. If 𝑝𝐿 + 𝑝𝑅 ≥ 𝑘 − 𝑚,
the agreement spans at least one full k‑mer, so 𝑆 contains a contiguous range of 𝑄’s k‑mers,
determined by where the match starts and ends relative to the minimizer.

The covered ranges from all candidates are combined into a single coverage of 𝑄’s k‑mers. If
every k‑mer is covered, the insertion is skipped entirely. Otherwise, for each uncovered range,
the insertion either extends an existing super‑k‑mer (using the side-stitching operations above)
to incorporate the missing k‑mers, or stores a truncated copy of 𝑄 spanning only that range.

Since the bucket is already scanned to find the matching minimizer, computing the coverage
adds only a few bit operations per candidate. Insertion-time deduplication therefore preserves the
streaming property of the original super‑k‑mer-level approach, with no separate post-processing
pass.

13.5.3. Open extensions

My ongoing prototype implements insertion-time deduplication, which already addresses the
main structural limitation discussed above. Several extensions remain open work. Deletion has
no streaming equivalent of the coverage mechanism, since removing k‑mers from the middle
of a super‑k‑mer requires splitting it. Set operations beyond insertion, in particular union
and intersection over two indexes, can be expressed in principle as bucket-by-bucket coverage
computations, but the interleaved representation does not yet expose the necessary primitives to
enumerate shared k‑mers across two sorted super‑k‑mer lists efÏciently. Finally, dynamic resizing
of the superbucket layout to absorb growing datasets without rebuilding the index is also under
investigation.
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�� Note

This chapter is adapted from Martayan et al. (2025), accepted to RECOMB 2025 and to
be published.
Lucas Robidou and I contributed equally to this work.

The previous chapters built k‑mer dictionaries on top of contiguous super‑k‑mers, one bucket
per minimizer. At the k‑mer sizes most prior work is calibrated for, around 𝑘 = 31, the per-k‑mer
cost of this layout is moderate. It degrades as 𝑘 grows: each super‑k‑mer carries 𝑘 − 1 bases of
overlap with each of its two neighbors, so a super‑k‑mer representation asymptotes to 6 bits per
nucleotide as discussed in Section 4.3, three times the 2-bit lower bound. Static representations
such as unitigs and eulertigs do reach 2 bits per nucleotide, but they are built once from a
finalized k‑mer set, require a separate counting pass, and dissolve the per-minimizer partitioning
that the structures of Chapter 13 rely on for cache-friendly indexing and load balancing.

This regime of large k‑mer sizes is becoming practically relevant, as long-read technologies now
reach error rates below 1% for Oxford Nanopore [Ser+22] and 0.1% for PacBio HiFi [Ban+22],
which makes k‑mer sizes in the hundreds tractable and useful for genome assembly, pangenomic
comparisons, and fine-grained k‑mer analyses.

In this chapter, we introduce a representation called hyper‑k‑mers that aims to keep the
streaming, partitioned nature of super‑k‑mers while approaching the asymptotic efÏciency of
static representations. The core idea, developed formally in Section 14.2, is to share each 𝑘 − 1
base overlap between consecutive super‑k‑mers instead of duplicating it on each side, bringing
the cost from 6 down to 4 bits per nucleotide at large 𝑘.

We put hyper‑k‑mers to work in KFC, a streaming k‑mer counter available at https://github.
com/lrobidou/KFC that uses hyper‑k‑mers as primary storage. We describe the counting
algorithm in Section 14.3 and compare KFC against existing k‑mer counters in Section 14.4.

14.1. Space analysis of super‑k‑mers and closed syncmers

We use the notation of Chapter 4 throughout: 𝑆 is a random genomic string over Σ = {𝐴, 𝐶, 𝐺, 𝑇 }
with k‑mer size 𝑘, minimizer size 𝑚 < 𝑘, window size 𝑤 = 𝑘 − 𝑚 + 1, and minimizer scheme
density 𝑑, with random minimizers satisfying 𝑑 = 2/(𝑤+1). We add one new notion, the overlap
between consecutive super‑k‑mers.

Definition 14.1 (Overlap of consecutive super‑k‑mers). Given two consecutive super‑k‑mers𝑢 and 𝑣, we define the overlap of 𝑢 and 𝑣, denoted ov(𝑢, 𝑣), as the 𝑘 − 1 bases shared by the
rightmost k‑mer of 𝑢 and the leftmost k‑mer of 𝑣.

This section establishes the asymptotic space cost of super‑k‑mers and closed syncmers, the two
reference points that the hyper‑k‑mer analysis in Section 14.2 compares against. Super‑k‑mers
are the direct baseline that hyper‑k‑mers improve on. Closed syncmers, while not a stand-alone
k‑mer-set representation, are included as a comparison point: they pave sequences better than
minimizer-based sampling [Edg21; SBK22] and reach 4 bits per nucleotide.
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14. From super‑k‑mers to hyper-k-mers

14.1.1. Super‑k‑mers

Lemma 14.1 (Average number of super‑k‑mers). Given a random string 𝑆, the expected number
of super‑k‑mers is (|𝑆| − 𝑚 + 1) × 𝑑.
Proof. By definition of the density 𝑑, the expected number of minimizers is (|𝑆| − 𝑚 + 1) × 𝑑.
Since each minimizer corresponds to one super‑k‑mer, the expected number of super‑k‑mers is
the same.

Lemma 14.2 (Average length of super‑k‑mers). Given a random string 𝑆, the average length of
a super‑k‑mer is |𝑆|−𝑘+1(|𝑆|−𝑚+1)×𝑑 + 𝑘 − 1. In particular, it approaches 1𝑑 + 𝑘 − 1 as |𝑆| → +∞.

Proof. By Lemma 14.1, there are (|𝑆|−𝑚+1)×𝑑 super‑k‑mers on average. Since there are |𝑆|−𝑘+1 k‑mers in 𝑆, each super‑k‑mer contains |𝑆|−𝑘+1(|𝑆|−𝑚+1)×𝑑 k‑mers on average, i.e. |𝑆|−𝑘+1(|𝑆|−𝑚+1)×𝑑 +𝑘−1
bases.

Theorem 14.1 (Super‑k‑mer space usage). Given a random string 𝑆, the expected total number
of bases in the super‑k‑mers of 𝑆 is asymptotically equivalent to |𝑆| ⋅ (1+(𝑘−1)⋅𝑑) as |𝑆| → +∞.

Proof. Let 𝑆𝑠𝑘 denote the set of super‑k‑mers of 𝑆, |𝑆𝑠𝑘| the number of super‑k‑mers in 𝑆 and𝑆𝑠𝑘[𝑖] denote the 𝑖-th super‑k‑mer of 𝑆. The total number of characters in 𝑆𝑠𝑘 is:𝑖<|𝑆𝑠𝑘|∑𝑖=0 |𝑆𝑠𝑘[𝑖]| = |𝑆𝑠𝑘| × 𝑖<|𝑆𝑠𝑘|∑𝑖=0 |𝑆𝑠𝑘[𝑖]||𝑆𝑠𝑘|= (|𝑆| − 𝑚 + 1) × 𝑑 × 𝑖<|𝑆𝑠𝑘|∑𝑖=0 |𝑆𝑠𝑘[𝑖]||𝑆𝑠𝑘|= (|𝑆| − 𝑚 + 1) × 𝑑 × ( |𝑆| − 𝑘 + 1(|𝑆| − 𝑚 + 1) × 𝑑 + 𝑘 − 1)∼|𝑆|→+∞ |𝑆| × 𝑑 × (1𝑑 + 𝑘 − 1)= |𝑆| ⋅ (1 + (𝑘 − 1) ⋅ 𝑑)
In particular, for random minimizers which have a density 𝑑 = 2/(𝑤 + 1) = 2/(𝑘 − 𝑚 + 2),

the average number of bases in a set of super‑k‑mers is asymptotically equivalent to |𝑆| ⋅(1 + 2(𝑘−1)𝑘−𝑚+2) ∼ 3 ⋅ |𝑆| when 𝑘 ≫ 𝑚. Thus, a super‑k‑mer scheme requires 3 bases per nucleotide
in |𝑆|, i.e. 6 bits per nucleotide in |𝑆| for an alphabet of size 4.

14.1.2. Closed syncmers

Recall from Section 4.4 that a closed syncmer is a k‑mer whose minimizer sits at its first or last
position.

Theorem 14.2 (Closed syncmer space usage). Given a random string 𝑆, the expected total
number of bases in the closed syncmers of 𝑆 is asymptotically equivalent to |𝑆|⋅𝑘 ⋅𝑑 as |𝑆| → +∞.

Proof. Each k‑mer consists of 𝑤 = 𝑘 − 𝑚 + 1 𝑚-mers. Let us consider the last 𝑤 + 1 𝑚-mers
after spawning a new minimizer. Since a new minimizer has just been found, the smallest 𝑚-mer,
among the last 𝑤 + 1, is either the first (if the minimizer changed because the previous one
went out of scope) or the last (if the new minimizer is smaller than the previous one). If the
smallest 𝑚-mer is the first one, then the previous k‑mer is a closed syncmer. Otherwise, the
smallest 𝑚-mer is at the end of the last k‑mer, which is thus a closed syncmer. Thus, except
the first minimizer, each minimizer creates a closed syncmer, so there are (|𝑆| − 𝑚 + 1) × 𝑑
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closed syncmers, on average, in 𝑆. Since each closed syncmer has length 𝑘, the expected total
number of bases is (|𝑆| − 𝑚 + 1) × 𝑑 × 𝑘, which is asymptotically equivalent to |𝑆| ⋅ 𝑘 ⋅ 𝑑 as|𝑆| → +∞.

In particular, for random minimizers, the number of bases in a set of closed syncmers is
asymptotically equivalent to |𝑆| ⋅ 2⋅𝑘𝑘−𝑚+2 ∼ 2 ⋅ |𝑆|, for 𝑘 ≫ 𝑚. As such, closed syncmers require
2 bases per nucleotide in |𝑆|, i.e. 4 bits for an alphabet of size 4.

14.2. Hyper‑k‑mers

Definition 14.2 (Hyper‑k‑mer). Given three consecutive super‑k‑mers 𝑢, 𝑣 and 𝑤, let 𝑚𝑣 be
the minimizer of 𝑣. We define the hyper‑k‑mer associated to 𝑚𝑣 as (ov(𝑢, 𝑣), ov(𝑣, 𝑤)), and refer
to ov(𝑢, 𝑣) as its left part and ov(𝑣, 𝑤) as its right part. By convention, if 𝑣 has no predecessor
in the sequence, we define its left part as the first 𝑘 − 1 bases and if it has no successor, we
define its right part as the last 𝑘 − 1 bases.

We can already make a few observations based on this definition: every hyper‑k‑mer contains
exactly 2(𝑘 − 1) bases and given two consecutive hyper‑k‑mers 𝑥 and 𝑦, the right part of 𝑥 and
the left part of 𝑦 are identical. This means that we can effectively save 𝑘 − 1 bases for each pair
of consecutive hyper‑k‑mers. Figure 14.1 gives an example of hyper‑k‑mers and shows that their
overlapping parts can be shared.

GCATTTCTAGCTCTACGCCCAGTGTGTGCAGCCGCCTTGC

GCATTTCTAGCTCTAC

      CTAGCTCTACGCCCAGTGT

               CGCCCAGTGTGTGCAG

                     GTGTGTGCAGCCGCCTTGC
GCATTTCTAG

      CTAGCTCTAC

               CGCCCAGTGT

                     GTGTGTGCAG

                             GCCGCCTTGC

minimizers
(m=3, k=11)

super-k-mers

hyper-k-mers

Figure 14.1.: Example of minimizers, super‑k‑mers and hyper‑k‑mers for 𝑚 = 3 and 𝑘 = 11 using
lexicographic order. In this example, the original sequence contains 40 bases and
super‑k‑mers use 70 bases while hyper‑k‑mers use 50 bases.

Theorem 14.3 (Hyper‑k‑mer space usage). Given a random string 𝑆, the expected total number
of bases in the hyper‑k‑mers of 𝑆 is asymptotically equivalent to |𝑆| ⋅ (𝑘 − 1) ⋅ 𝑑 as |𝑆| → +∞. In
addition, storing the links between the left and right parts results in a 2 log2(𝑑|𝑆|) bits overhead
for each hyper‑k‑mer.

Proof. Each minimizer of 𝑆 is associated with one hyper‑k‑mer, so there are (|𝑆| − 𝑚 + 1) × 𝑑
hyper‑k‑mers on average. What’s more, each pair of consecutive hyper‑k‑mers shares 𝑘 − 1 bases
which can be written only once. Thus, except for the first hyper‑k‑mer (which uses 2(𝑘 − 1)
bases), each hyper‑k‑mer uses 𝑘 − 1 bases. Therefore, the expected total number of bases is((|𝑆|−𝑚+1)×𝑑+1)×(𝑘−1), which is asymptotically equivalent to |𝑆| ⋅(𝑘−1)⋅𝑑 as |𝑆| → +∞.
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14. From super‑k‑mers to hyper-k-mers

Finally, we need to maintain a “link” between the two parts of each hyper‑k‑mer by storing
their indices. Since the expected number of hyper‑k‑mers is equivalent to 𝑑|𝑆|, each index takes
log2(𝑑|𝑆|) bits of space, leading to an overhead of 2 log2(𝑑|𝑆|) bits for each hyper‑k‑mer.

In particular, for random minimizers, the number of bases in a set of hyper‑k‑mers is asymptot-
ically equivalent to |𝑆| ⋅ 2⋅(𝑘−1)𝑘−𝑚+2 ∼ 2 bases per nucleotide in |𝑆|, for 𝑘 ≫ 𝑚. Moreover, assuming𝑚 = Ω(log2(𝑑|𝑆|)), the space overhead of the links becomes negligible as 𝑘 ≫ 𝑚. Figure 14.2
gives an overview of the evolution of the space usage as 𝑘 increases, and compares it to the
evolution of super‑k‑mers’ space usage.

25 50 75 100 125 150 175 200
k-mer size [with m= 21, d= 2/(k m+ 2), |S| = 109]
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super-k-mer: 2 + 2·(k 1)·d
hyper-k-mer parts: 2·(k 1)·d
hyper-k-mer: 2·(k 1 + log2 (d|S|))·d

Figure 14.2.: Space usage of super‑k‑mers and hyper‑k‑mers for 𝑘 ∈ [30, 200], with random
minimizers of size 21.

These results, summarized in Table 14.1, show that hyper‑k‑mers are more space-efÏcient
than super‑k‑mers regardless of the chosen minimizer scheme, and reach the same 4 bits per
nucleotide asymptote as closed syncmers up to the logarithmic link overhead, while remaining a
stand-alone k‑mer-set representation. In particular, hyper‑k‑mers require 23 of the space used by
super‑k‑mers for random minimizers, and this ratio gets even lower for minimizer schemes with
a lower density.

Table 14.1.: Comparison of the space usage of super‑k‑mers, closed syncmers and hyper‑k‑mers.

Representation
Expected number of bits /

nucleotide

For random minimizers
with𝑘 ≫ 𝑚 = Ω(log2(𝑑|𝑆|))

Super‑k‑mers
(Theorem 14.1)

2 + 2 ⋅ (𝑘 − 1) ⋅ 𝑑 6

Closed syncmers
(Theorem 14.2)

2 ⋅ 𝑘 ⋅ 𝑑 4

Hyper‑k‑mers
(Theorem 14.3)

2 ⋅ (𝑘 − 1) ⋅ 𝑑 + 2 log2(𝑑|𝑆|) ⋅ 𝑑 4

14.3. Counting k‑mers using hyper‑k‑mers

This section proposes k‑mer counting as an application of hyper‑k‑mers to a real-life use case.
Hyper‑k‑mers are used as a proxy for storing k‑mer counts. A simplified overview of the resulting
index is presented in Figure 14.3.

Our k‑mer counter implements a two-pass algorithm. In the first stage, we iterate over
super‑k‑mers in the input sequences. We identify which super‑k‑mers are solid, i.e. are present

106



14. From super‑k‑mers to hyper-k-mers

GCATTTCTAG CTAGCTCTAC CGCCCAGTGT GTGTGTGCAG GCCGCCTTGC

ACG AGTAGC
1

1

1 1

hyper-k-mer parts

minimizer
hash table

<minimizer>

hyper-k-mer:
<left,right,count>

Figure 14.3.: High-level view of the KFC data structure, using the example introduced in
Figure 14.1. Two data structures are maintained. Bottom: a vector of hyper‑k‑mer
parts stores the left and right parts of the hyper‑k‑mers computed from the original
set of sequences. The bold parts correspond to the (possibly truncated) minimizers
of the sequence. Top: a hash table associates each minimizer to a list of entries.
Each entry represents a hyper‑k‑mer and its count. Each hyper‑k‑mer is represented
using pointers (represented as dots) to its left and right parts in the vector of
hyper‑k‑mer parts. To retrieve the parts, each pointer consists of the part’s position
in the vector, a start and end position in that part, and an orientation flag to
handle reverse-complements.

more than twice in the input. If a super‑k‑mer is solid, the hyper‑k‑mer, along with its minimizer,
is computed using its left and right super‑k‑mer neighbors (see Definition 14.2). If a computed
hyper‑k‑mer was already present in the index, we increase its count in the hash table, otherwise,
we insert a new entry in the table and insert the corresponding hyper‑k‑mers in the vector
(encoded using two bits per base). However, doing so prevents us from counting the first and
last super‑k‑mers of a read, as they are likely truncated and, by extension, unique and below our
threshold. It also prevents us from counting the non-solid super‑k‑mers sharing their minimizer
with a solid super‑k‑mer (indicating a possible sequencing error in the non-solid super‑k‑mer,
whose k‑mers shared with the solid super‑k‑mers should not be discarded).

As such, the second stage consists of correcting these issues by re-reading the input. Non-solid
super‑k‑mers sharing their minimizer with solid super‑k‑mers which are substrings of hyper‑k‑mers
already in the index, are added to the internal hash table. This also allows for the addition of
the first and last super‑k‑mers of each read. After these two stages, the only k‑mers that will
be wrongly discarded are the ones that A/ are present more than two times in the input but
B/ belong to a non-solid super‑k‑mer that does not share its minimizer with any of the solid
super‑k‑mers. This super‑k‑mer-level threshold is slightly more aggressive than a k‑mer-level
threshold to filter unique k‑mers. The effects of this heuristic are discussed in Section 14.4.2.

As our algorithm works in a streaming fashion, at any time, only the index has to be maintained
in memory whereas reads are only loaded on-demand. This allows our implementation to have a
light memory footprint (see Section 14.4), and to be parallelized (see Figure C.1).

KFC’s algorithm is given in Algorithm 14.1. For clarity, we omit some details, such as how
KFC handles subsequences in hyper‑k‑mer parts.

14.4. Experiments

In this section, we benchmark our proposed k‑mer counter, KFC, based on hyper‑k‑mers and
compare it against other counters: Jellyfish [MK11], KMC [DDG13; DKGD15; KDD17], FASTK
[Mye23], Kaarme [DLS24] and Gerbil [ERM17]. Our implementation is written in Rust and
is publicly available at https://github.com/lrobidou/KFC with accompanying test scripts at
https://github.com/imartayan/KFC_experiments.

We report the datasets used in this study and their characteristics in Table C.1. The
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14. From super‑k‑mers to hyper-k-mers

experiments were performed on a common laptop computer (Dell Inc. Precision 7780 with 13th
Gen Intel® Core™ i9-13950HX × 32 and 64 GB RAM).

14.4.1. Long reads whole genome sequencing datasets

We first evaluate all tools at ~100X coverage of the E. coli genome across three long-read
technologies (ONT duplex, ONT simplex, HiFi) and k‑mer sizes up to 1021, reporting memory
and runtime in Figure 14.7. All competitors degrade as 𝑘 grows: KMC3 and FastK quickly
approach the available RAM with sharply increasing runtime, Gerbil is faster and lighter but
capped at 𝑘 ≤ 512, Jellyfish trades runtime for memory, and Kaarme keeps memory nearly
constant at the cost of much slower runs and frequent timeouts. KFC is the only tool whose
memory and runtime both decrease with 𝑘, taking the lead in both metrics from around 𝑘 = 200.

We confirmed these trends on two larger HiFi metagenomic benchmarks. Figure C.2 reports
on a Zymo Biomics community sample of 21 strains across 17 species, with 5 Gb sampled
from accession SRR13128014. Figure C.3 reports on a human gut metagenome used as assembly
benchmark in [FCPL22; Ben+24] with estimated genome content of 700-900 Mb, where we
pooled 15 Gb from accessions SRR15275210-SRR15275213. Tool behavior across coverages and on
the full gut dataset is unchanged, with details in Figure C.4 and Figure C.5.

To check that KFC’s advantage doesn’t come from the super‑k‑mer filtering heuristic alone,
we repeated the experiment without filtering (Figure C.6): Jellyfish is unaffected, FastK and
KMC degrade further in time and memory, while KFC remains competitive even against the
tools that still filter. The same picture extends to a pangenome regime: on one thousand S.
enterica complete genomes (Section C.6), KFC keeps the lead in memory across all k‑mer sizes
and becomes the fastest tool past 𝑘 = 500.
14.4.2. Super‑k‑mer threshold heuristic

We evaluate the super‑k‑mer abundance threshold by measuring how many k‑mers are dropped
at each threshold (Figure 14.8). The proportion of lost k‑mers decreases exponentially with the
threshold, and increases at lower coverage, larger k‑mer sizes, and higher error rates, mirroring
classical k‑mer abundance filtering. To check that the lost k‑mers are erroneous rather than
genomic, we count the genomic k‑mers absent from both KMC and KFC outputs across thresholds
and k‑mer sizes (Figure 14.9). KFC drops a few more genomic k‑mers than KMC at low thresholds,
but both methods converge as the threshold rises; on a dataset with a HiFi error rate (0.1%),
KMC and KFC outputs match exactly. The super‑k‑mer-level threshold is therefore slightly
more aggressive than a k‑mer-level threshold but conservative enough to preserve accuracy.

14.5. Conclusion

This chapter introduced hyper‑k‑mers as a streaming, partitioned alternative to super‑k‑mers for
large k‑mer sizes. By sharing each 𝑘 − 1 base overlap between consecutive super‑k‑mers rather
than duplicating it, hyper‑k‑mers asymptotically reach 4 bits per nucleotide, two thirds of the
super‑k‑mer cost. This matches the closed-syncmer asymptote while hyper‑k‑mers remain a
stand-alone k‑mer-set representation. We translated this representation to a practical k‑mer
counter, KFC, which becomes both the fastest and the most memory-efÏcient tool past 𝑘 ≈ 200.

This compactness comes at two structural costs relative to super‑k‑mers. Each hyper‑k‑mer
is now a pair of pointers into a shared pool of left and right parts rather than a contiguous
string, so access carries one extra indirection per side along with the corresponding bookkeeping.
The representation is also no longer self-contained at the k‑mer level: a given k‑mer can be
covered by multiple hyper‑k‑mers when the sequence is revisited, so applications that require
a unique representation must deduplicate explicitly. This last point parallels the limitation
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Figure 14.4.: ONT Duplex E. coli datasets (SRX23975767 and SRX23975758) at approximately
100X depth
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Figure 14.5.: HiFi E. coli dataset (SRR11434954) downsampled at 100X depth
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Figure 14.6.: ONT Simplex E. coli dataset (SRR28370668) downsampled at 100X coverage

Figure 14.7.: Comparison of k‑mer counting benchmarks on different E. coli datasets, with
unique k‑mer filtering. Each subfigure shows the memory usage and timing plots
for different sequencing technologies.
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(a) HiFi dataset (b) ONT dataset

Figure 14.8.: Percentage of k‑mers lost by removing unique super‑k‑mers, as a function of the
abundance threshold and k‑mer size. Left: simulated HiFi dataset with 100×
coverage and 0.1% error rate. Right: simulated ONT dataset with 100× coverage
and 1% error rate.
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Figure 14.9.: Amount of filtered genomic k‑mers by KFC and KMC according to the abundance
threshold and k‑mer size, on a simulated 100× ONT E. coli dataset with 1% error
rate.
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that the super‑k‑mer-level dictionary of Chapter 13 faces, and resolving it cleanly for either
representation remains open work.

Compared to the static unitig-based representations of Chapter 2, which approach the 2-bit
lower bound but require a separate counting pass and dissolve the per-minimizer partitioning,
hyper‑k‑mers preserve both the streaming construction and the bucket structure that down-
stream indexes rely on for cache-friendly access and load balancing. The cost is the explicit
deduplication step, and hyper‑k‑mers therefore sit structurally between super‑k‑mers and static
SPSS representations.

Several directions remain open. The asymptotic 4 bits per nucleotide of hyper‑k‑mers is still
twice the lower bound of 2 bits, and finding a representation that achieves this lower bound
while keeping streaming construction is an open question. At the other end of the k‑mer size
spectrum, hyper‑k‑mers do not scale well to small 𝑘, where the smaller minimizer size leaves
many distinct hyper‑k‑mer contexts under each minimizer bucket and bucket scans dominate
the cost. Lengths below 16 can be handled by a plain hash table on k‑mers themselves, but the
range 17 to 63 is not well served by either approach and is a natural target for future work on
dynamic linear representations. Finally, the current KFC algorithm discards k‑mers belonging
to non-solid super‑k‑mers that share no minimizer with a solid super‑k‑mer, as discussed in
Section 14.3. This heuristic is highly efÏcient in practice, but handling the corner case without
losing performance would close the small accuracy gap with k‑mer-level filtering.
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14. From super‑k‑mers to hyper-k-mers

Algorithm 14.1: KFC’s two-pass k‑mer counting algorithm using hyper‑k‑mers.

function CountHyperkmer(read_set ∈ (Σ+)+; 𝑘, 𝑚, 𝑡 ∈ ℕ with 𝑚 ≤ 𝑘)
sk_count ← empty multimap // maps minimizer to (hash(sk), count(sk))
hk_count ← empty multimap // maps minimizer to (id_left, id_right, count(hk))
hk_parts ← empty vector of bitpacked strings // 2 bits per character
for read in read_set do // First pass, can be parallelized

for (prev_sk, sk, next_sk) in read do
mini ← minimizer of sk
if (hash(sk), 𝑐) ∈ sk_count[mini] then𝑐 ← 𝑐 + 1

increment the corresponding entry in sk_count[mini]
else𝑐 ← 1

add (hash(sk), 1) to sk_count[mini]
if 𝑐 = 𝑡 then // sk just became solid: insert its hyper-k-mer

if IsSolid(sk_count, prev_sk, 𝑡) then // if previous is solid, reuse its right part
id_left ← id of right part of prev_sk in hk_count

else
id_left ← |hk_parts|
append left part of sk to hk_parts

if IsSolid(sk_count, next_sk, 𝑡) then // if next is solid, reuse its left part
id_right ← id of left part of next_sk in hk_count

else
id_right ← |hk_parts|
append right part of sk to hk_parts

add (id_left, id_right, 𝑐) to hk_count[mini]
else if 𝑐 > 𝑡 then // sk already indexed: update count

(id_left, id_right, exact) ← LookupAndUpdate(hk_count, hk_parts, sk)
if not exact then

add (id_left, id_right, 1) to hk_count[mini]
for read in read_set do // Second pass, can be parallelized

for sk in read do // handle non-solid super-k-mers sharing a minimizer with a solid
one

mini ← minimizer of sk
if first or last super-𝑘-mer then

(id_left, id_right, exact) ← LookupAndUpdate(hk_count, hk_parts, sk)
if not exact then

if id_left = −1 then
id_left ← |hk_parts|
append left part of sk to hk_parts

if id_right = −1 then
id_right ← |hk_parts|
append right part of sk to hk_parts

add (id_left, id_right, 1) to hk_count[mini]
else if not IsSolid(sk_count, sk, 𝑡) then

LookupAndUpdate(hk_count, hk_parts, sk)
return sk_count, hk_count, hk_parts
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14. From super‑k‑mers to hyper-k-mers

Algorithm 14.2: KFC’s auxiliary functions.

function IsSolid(sk_count, sk, 𝑡) // checks if a super-k-mer has reached threshold 𝑡
mini ← minimizer of sk
for (ℎ, 𝑐) ∈ sk_count[mini] do

if ℎ = hash(sk) then
return 𝑐 ≥ 𝑡

return false

function LookupAndUpdate(hk_count, hk_parts, sk)
// search if a super-k-mer is indexed in the hyper-k-mer index
// return the position of the left and right hyper-k-mer parts that include it
// and a boolean indicating if the super-k-mer is indexed
// if the super-k-mer is indexed, the count of its entry is increased
mini ← minimizer of sk
id_left, id_right ← −1, −1 // -1: sentinel for “not found”
for (𝑙, 𝑟, 𝑐) ∈ hk_count[mini] do

if (hk_parts[𝑙], hk_parts[𝑟]) = sk then𝑐 ← 𝑐 + 1
return (𝑙, 𝑟, true)

if sk starts with hk_parts[𝑙] then
id_left ← 𝑙

if sk ends with hk_parts[𝑟] then
id_right ← 𝑟

return (id_left, id_right, false)
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Second discussion

This part started with a simple question: can the representation of a k‑mer set itself be a source
of performance gains? The answer that emerged is yes, and a fairly broad one. Choosing a
good unit of representation (a k‑mer, a super‑k‑mer, a hyper‑k‑mer, or a necklace) shapes nearly
everything downstream, from how compactly the set can be stored to how well streaming queries
behave on a real CPU, whether dynamic updates are possible at all, and how easily two indexes
can be combined. This is in some ways a continuation of the first part, where I argued that
algorithm and implementation should be designed together. Here the same idea moves up one
level. The data structure that holds the k‑mer set is part of the algorithm, and choosing it well
makes the rest of the pipeline simpler.

CBL, presented in Chapter 11, came out of this perspective at the k‑mer level. By representing
each k‑mer through its necklace, consecutive k‑mers naturally share long prefixes, and a quotiented
layout turns this redundancy into both compression and fast streaming access. This layout also
made it easy to support exact set operations in Chapter 12, something that very few k‑mer
indexes offer at all. Brisk, in Chapter 13, changes the indexing unit to whole super‑k‑mers, with
the interleaved transform making binary search inside a bucket viable. KFC, in Chapter 14, goes
further by sharing the 𝑘 − 1 overlap between consecutive super‑k‑mers, reaching 4 bits / k‑mer
while keeping streaming construction. Looking at these three together, my impression is that
current k‑mer indexes are already well established when it comes to space usage and single-query
speed, as the comparison in Chapter 10 makes clear, and that the next frontier lies in widening
the range of operations they support natively.

Dynamic updates and set operations are the two that I find the most compelling. Pangenomes
and large public databases keep growing, and most workflows would benefit from being able
to incrementally add new genomes to an existing index, or to combine indexes through union,
intersection and difference without rebuilding from scratch. These operations also act as compact
filters. Intersection isolates the shared core of a collection, while difference removes contaminants
or extracts what is specific to a sample. CBL takes a small step in this direction, but I am
convinced there is more to do, especially on the super‑k‑mer side where deduplication during
streaming insertion is still an open problem, as discussed at the end of Chapter 13. A clean
solution there would let super‑k‑mer dictionaries keep their streaming insertion without losing
the inherent deduplication that k‑mer-level structures get for free.

A direction I find promising is a closer convergence with full-text indexes. I chose not to cover
them in this thesis, but they face closely related concerns and have made significant practical
progress recently, with structures such as Movi [Zak+24; ZBGL25] pushing the performance of
matching queries. The SBWT stands out in that landscape by bridging full-text approaches and
k‑mer methods, and recent work by Alanko et al. [ADMP26] even implements set operations
directly on top of it. There seems to be a lot to learn between the two communities, and I expect
more exchanges in the coming years.

Closer to the application side, I see a real opportunity in importing ideas from database
query engines, as I outlined at the end of Chapter 12. Sort-merge joins, hash joins, partition
pruning, exponential search on skewed inputs, SIMD-accelerated intersection of sorted lists, all
of these have direct counterparts in k‑mer set operations and have been refined for decades in
the database literature. Vizitig [DPM25] is one concrete example of what becomes possible once
a k‑mer index is treated as a queryable database rather than a fixed pipeline component, and I
expect this line of work to grow.

Multi-k approaches also strike me as an underexplored direction in the current literature. Even
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though varying k along the analysis is already standard practice in assembly, where short k‑mers
help resolve low-coverage regions and longer ones disambiguate repeats, k‑mer set structures are
almost always built for a single fixed value of k. I think there is room for indexes that natively
support several values of k, or that can answer queries at a finer granularity than the indexed
one without rebuilding. The SBWT already supports querying any m‑mer with 𝑚 ≤ 𝑘, which is
a nice starting point.

Finally, the range of relevant k‑mer sizes is itself evolving. Long-read technologies now reach
error rates low enough that k‑mers in the hundreds become tractable, as already exploited by KFC,
and pangenomic comparisons benefit from this range. This shift makes the asymptotic behavior
of representations matter more, and explains why moving from super‑k‑mers to hyper‑k‑mers
pays off so visibly.

115



Part IV.

Sampling k‑mers to lower memory &
complexity

He who controls the space controls the
universe.

—not Frank Herbert

Part I and Part II addressed throughput and representation of k‑mer-based genomic pipelines.
This part finally asks how much of the data can be discarded without losing the answers we
care about during analysis. The observation driving this part is that many bioinformatics
queries, such as similarity estimation, read mapping or large-scale search, do not require every
k‑mer. A carefully chosen subset, small enough to fit in memory and fast enough to compare,
is often sufÏcient. The central challenge is therefore to characterize how small that subset can
be, control its composition, and build the data structures that exploit it. Chapter 15 surveys
the landscape of low-density minimizer schemes and shows the theoretical lower bound on how
few k‑mers any window-based sampling strategy must select. Chapter 16 combines multiple
independent hash functions to push this boundary further. Chapter 17 applies these ideas
at a larger granularity, sketching entire super‑k‑mers rather than individual k‑mers to enable
similarity queries at reduced memory and sublinear complexity.
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15. Background on low-density minimizers

As discussed in Chapter 4, the density of a minimizer scheme drives its space efÏciency: lowering
the density leads to longer runs of the same minimizer and longer super‑k‑mers, which results in a
direct improvement in applications such as k‑mer counting [KDD17; MRSL25], DBG compaction
[CLM16; KKDP22; CT23] or large-scale indexes [MKL21; Pib22]. However, we’ve also seen that
the widely used random minimizers achieve a density of 2/(𝑤 + 1), well above the 1/𝑤 lower
bound implied by the window guarantee. This observation raises two main questions: how can
we design new schemes with a lower density? And what is the lowest density we can hope to
reach? In this chapter, we briefly cover some of the recent advances on these two questions, and
a more detailed survey can be found in [Gro25a].

15.1. Universal hitting sets and decycling sets

15.1.1. Universal hitting sets

One of the first directions explored to lower the density emerged from universal hitting sets
[Ore+16; Ore+17]. A universal hitting set, or UHS, is simply a set 𝑈 of k‑mers such that
every window of w k‑mers contains at least one element from 𝑈 . From a DBG perspective (see
Chapter 2 for some reminders), designing a UHS is equivalent to selecting a subset of nodes such
that every path of length w is guaranteed to contain at least one of them.

Unlike minimizers, UHS are context-free in the sense that a selected k‑mer does not depend on
its surrounding context. We can however derive a minimizer scheme compatible with a UHS 𝑈
by using an order that ranks all k‑mers in 𝑈 before all others. Since every window contains an
element from 𝑈 and the order favors these, we know that every selected minimizer would belong
to 𝑈 . The density of such a scheme is upper-bounded by |𝑈|/𝜎𝑘 [MDK18], thus designing a
smaller UHS directly translates to a lower density. Unfortunately, Orenstein et al. [Ore+16]
proved that finding a minimum UHS is NP-hard by reducing it from the Hitting Set problem
[Kar09], so we have to rely on heuristics to find small UHS instead.

15.1.2. Decycling sets

A popular heuristic to approximate a good UHS is to start from a minimum decycling set (MDS).
The idea behind a decycling set is that, instead of covering every path of length w, we cover every
cycle of the DBG. Luckily, building a minimum decycling set is much easier than a minimum
UHS: Mykkeltveit [Myk72] constructed it by embedding each k‑mer 𝑥 into the complex plane as𝑧 = 𝑘−1∑𝑖=0 𝑥𝑖 ⋅ 𝜔𝑖𝑘
where 𝜔𝑘 is a primitive 𝑘-th root of unity. We then select the k‑mers whose embedding 𝑧
corresponds to the first clockwise rotation with positive imaginary part, i.e. 𝜋 − 2𝜋/𝑘 ≤ arg(𝑧) <𝜋.

DOCKS [Ore+16; Ore+17] first suggested to greedily extend this MDS into a UHS for a
specific window size 𝑤 by repeatedly adding the k‑mer contained in the largest number of
uncovered windows, until all windows are hit. However, the exponential search space limited
this approach to 𝑘 ≤ 14 in practice.
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Pellow et al. [Pel+23] proposed a simpler and more scalable approach by building a minimizer
scheme directly from this MDS: within any window, prefer k‑mers in the MDS and break ties
randomly. Checking MDS membership can be done by simply computing the corresponding
embedding or with a precomputed lookup table, and the scheme extends to arbitrary 𝑘. Pellow
et al. [Pel+23] also introduced double decycling sets as a variant that prioritizes a symmetric MDS
by selecting k‑mers with −2𝜋/𝑘 ≤ arg(𝑧) < 0, and falls back to Mykkeltveit’s MDS otherwise.
This approach further reduced density, especially for 𝑘 < 𝑤 where it significantly outperforms
DOCKS and similar UHS-based constructions. A plot of the density of double decycling sets,
along with other schemes, is available in Figure 15.1.

15.2. (Open-closed) mod-minimizers

15.2.1. Mod-minimizers

Groot Koerkamp and Pibiri [GP24] took a different approach to improve the density of minimizer
schemes by using a technique called modulo sampling. Their idea is to first select the position
of a minimizer of length 𝑡 = 𝑘 mod 𝑤 using a random order, and then map it back to a k‑mer
position by applying a modulo 𝑤. The resulting scheme, named mod-minimizers is detailed
in Algorithm 15.1. Note that when 𝑘 < 𝑤, 𝑡 = 𝑘 and this scheme is perfectly equivalent to
random minimizers with no density benefit. In practice, 𝑡 is often forced to be ≥ 𝑟 by setting𝑡 = 𝑟 + ((𝑘 − 𝑟) mod 𝑤) for some small lower bound 𝑟1, which avoids pathological cases such as
selecting t‑mers of length 1.

Algorithm 15.1: Pseudocode for mod-minimizers.

function ModMinimizers(𝑤, 𝑘)𝑡 ← 𝑘 mod 𝑤𝑖 ← 0
for 𝑗 in SlidingMinPos(𝑤 + 𝑘 − 𝑡, 𝑡) do // window of 𝑤 + 𝑘 − 𝑡 t-mers

yield 𝑖 + ((𝑗 − 𝑖) mod 𝑤) // smallest integer 𝑖′ ≥ 𝑖 such that 𝑖′ ≡ 𝑗 mod 𝑤𝑖 ← 𝑖 + 1
Groot Koerkamp and Pibiri [GP24] proved that the density of the mod-minimizers is given by𝑑 = 2 + 𝑘−𝑡𝑤𝑤 + 𝑘 − 𝑡 + 1 + 𝑜(1/(𝑤 + 𝑘 − 1))

which converges to 1/𝑤 as 𝑘 → ∞ with 𝑤 fixed, leading to an asymptotically optimal scheme.
A plot of the resulting density is available in Figure 15.1.

The scheme has the benefit of being very simple and efÏcient: it only requires computing
a sliding minimum (which we discussed in Chapter 8) over short 𝑡-mers and a single modulo
afterwards, making it a near drop-in replacement for random minimizers. Moreover, the modulo
operation, which is usually quite expensive, can be accelerated using a “fast mod” [LKK19] since𝑤 is fixed. It should be noted, however, that this optimization does not apply as well on SIMD
lanes of fixed size which cannot be widened. Practical experiments with SSHash [Pib22] showed
that replacing random minimizers by mod-minimizers resulted in a 15% space gain for 𝑤 = 11
and 𝑘 = 21, without degrading the speed [GP24].

15.2.2. Open-closed mod-minimizers

One limitation of mod-minimizers is that they do not offer any improvement over random
minimizers when 𝑘 < 𝑤. To address this regime, Groot Koerkamp et al. [GLP25] introduced
1Using 𝑟 = 4 seems to be a good empirical choice.
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the open-closed minimizers, building on the notion of open and closed syncmers (presented in
Chapter 4). Their idea is to first look for the smallest open syncmer in the window; if none
exists, fall back to the smallest closed syncmer, and default to the globally smallest k‑mer if
neither is present. While the density of this scheme has no known closed form, it is similar to
double decycling sets for 𝑘 < 𝑤 with a small shift due to the inner 𝑠 parameter of syncmers, and
improves over them for 𝑤 ≤ 𝑘 ≤ 2𝑤.

Groot Koerkamp et al. [GLP25] then proposed to combine this new scheme with the modulo
sampling technique of mod-minimizers, thus resulting in open-closed mod-minimizers: t‑mers
are sampled using the open-closed minimizer as the inner scheme, and their position is mapped
back to a k‑mer modulo 𝑤. This merges the density gains of both approaches and achieves low
density across the full range of 𝑘, as illustrated in Figure 15.1.

15.3. Lower bounds for forward local schemes

While the density of any scheme with a window guarantee can be trivially lower bounded by1/𝑤, all of the improved schemes discussed previously remained quite far from it for small values
of k, suggesting that a density of 1/𝑤 could simply be unreachable in this region.

Marçais et al. [MDK18] established a first non-trivial lower bound for forward local schemes,
that is, schemes that select a k‑mer only based on the content of the current window (local) and
have an increasing sequence of selected positions (forward). This bound was then tightened by
Groot Koerkamp and Pibiri [GP24], and later refined as a near-tight lower bound by Kille et al.
[Kil+24]: any forward local scheme must satisfy𝑑 ≥ ⌈𝑤+𝑘𝑤 ⌉𝑤 + 𝑘
The key insight behind this result is to consider cyclic strings of length exactly 𝑤 + 𝑘: on such a
cycle, the window guarantee forces at least ⌈(𝑤 + 𝑘)/𝑤⌉ positions to be sampled, so the density
per cycle is at least ⌈(𝑤 + 𝑘)/𝑤⌉/(𝑤 + 𝑘). Since the density of any forward scheme equals its
average density over all such cycles, the bound follows.

Moreover, Kille et al. [Kil+24] noted that this bound peaks at values 𝑘 ≡ 1 mod 𝑤 and can
be smoothed into a monotone version since the optimal density decreases with 𝑘2:𝑑 ≥ max(⌈𝑤+𝑘𝑤 ⌉𝑤 + 𝑘 , ⌈𝑤+𝑘′𝑤 ⌉𝑤 + 𝑘′ )
where 𝑘′ = 𝑘 + ((1 − 𝑘) mod 𝑤) is the smallest integer ≥ 𝑘 such that 𝑘′ ≡ 1 mod 𝑤. Figure 15.1
illustrates this lower bound along with the density of the schemes presented above.

15.4. Other variants

�� Note

As these approaches were published recently, they were not included in the following
chapters.

2A scheme for 𝑘 can always be turned into a scheme for 𝑘′ > 𝑘 by ignoring the last 𝑘′ − 𝑘 characters of each
window.

119



15. Background on low-density minimizers

10 20 30 40 50 60 70 80
Minimizer length k

0.125

0.067

De
ns

ity

Minimizer density on a random sequence (w= 15)

Random minimizers
Double decycling
Mod-minimizers

Open-closed mod-minimizers
First lower bound for forward schemes
Smoothed lower bound for forward schemes

Figure 15.1.: Plot of the density of multiple minimizer schemes, along with the lower bound for
forward local schemes from [Kil+24].

15.4.1. Finimizers

Finimizers [ABP25] are variable-length minimizers that ensure that the frequency of each selected
k‑mer stays below a given threshold. By avoiding very frequent k‑mers, they reduce biases in
downstream analyses, at the cost of a non-uniform k‑mer length.

15.4.2. GreedyMini

GreedyMini [Gol+25] constructs a minimizer scheme through a greedy brute-force search. It
iteratively selects the k‑mer whose designation as the overall minimum would least often place
it first or last in a context, thereby minimizing the number of charged contexts and hence the
density. The resulting schemes achieve density very close to the lower bound and are optimal for
some small parameter values when 𝑘 ≡ 1 mod 𝑤. However, this approach is not scalable for𝑘 > 15 as the construction time increases exponentially with 𝑘.
15.4.3. 10-minimizers

10-minimizers [STO26] are defined by an order that systematically prioritizes k‑mers starting
with the binary pattern 10 (named 10-k‑mers), the idea being that they tend to be spaced
further apart because the pattern cannot overlap itself. This translates into an expected density
approximately 2/(𝑤 + 2), slightly lower than the 2/(𝑤 + 1) of random minimizers. Shur et al.
[STO26] then refine this construction into spacers by ranking 10-k‑mers to maximize the gap to
the next selected position, achieving a competitive density.

15.4.4. Anti-lexicographic SUS-anchors

SUS-anchors [Gro26] are a scheme designed for 𝑘 = 1, or selection scheme, that samples the
start position of the smallest unique substring (SUS) in the window, i.e. the shortest substring
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that occurs only once within the window and is smallest according to a given order. This scheme
can be combined with an anti-lexicographic order, which compares the first character normally
but reverses the order of all subsequent ones, to avoid over-sampling positions in long runs of
the same character and push anchors further apart. Empirically, anti-lexicographic sus-anchors
achieve density within 1% of the lower bound for selection schemes on the DNA alphabet.

15.5. Toward multi-hash schemes

All schemes surveyed in this chapter share a common design: they improve density by choosing
which ordering to impose on k‑mers, so that the minimum of each window falls as infrequently
as possible. In the next chapter we explore a different strategy: we ask whether using multiple
independent hash functions simultaneously can push density below what a single scheme can
achieve.
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16. Multiminimizers

�� Note

This chapter is adapted from Ingels et al. (2025), accepted to RECOMB 2026 and to be
published.
Antoine Limasset and I came up with the original idea. Florian Ingels proposed the
formalization, and we did the proofs together. Lucas Robidou wrote most of the code,
based on algorithms that we designed together. I also wrote the experiments script for the
density analysis. Camille Marchet helped us writing the paper.

As surveyed in Chapter 15, recent progress on low-density minimizer schemes has brought
practice very close to the forward local scheme lower bound, suggesting diminishing returns
from further improvements in that direction. This chapter starts from this observation and
asks a simple question: what if, instead of committing to a single minimizer scheme, we allow
choosing among multiple independent candidates? The idea mirrors the power of two choices in
load balancing [ABKU94; Mit01], where picking the less loaded of two random bins significantly
reduces maximum load, and we ask whether the same strategy can further reduce minimizer
density.

16.1. A link between density and the expected distance between selected
positions

We start by formalizing the link between density and distances between consecutive selected
positions, under minimal assumptions on these distances. Specializing to random minimizers,
we argue that the standard modeling assumption is unsatisfactory and propose a more realistic
one that coincides with the classical regime for large minimizers, verifying empirically that it
satisfies our minimal condition.

¸Î Different notations

We reuse the notations from Section 4.3: the minimizer size is denoted 𝑚 while 𝑘 denotes
the number of bases in a window, i.e. 𝑘 = 𝑤 + 𝑚 − 1.
We follow the notations of Chapter 4 and denote O𝑚 for a total order on m‑mers and

rankO𝑚 ∶ Σ𝑚 → J1, 𝜎𝑚K the corresponding rank function. In practice, O𝑚 is induced by a
random hash function with 𝑈 = 264, which we treat as collision-free [PSL23]. We denote by S𝑓(𝑆)
the set of selected indices of a string 𝑆 under a scheme 𝑓 , and by 𝑑(𝑆) = |S𝑓(𝑆)|/(|𝑆| − 𝑘 + 1)
its particular density. The expected density 𝑑 is the limit of 𝔼[𝑑(𝑆)] over random strings of
growing length. The definitions below are stated in a non-canonical context, though they extend
easily. The practical experiments are based on canonical k‑mers, but our implementations cover
both contexts.

Consider the expected number of selected positions in a window of size 𝑤, equal to 𝑑 ⋅ 𝑤
by definition. Intuitively, this quantity is also equal to 𝑤 divided by the expected distance
between two selected consecutive positions, which we denote here by 𝜇. Indeed, if we select
a position every 𝜇 bases, we expect to choose 𝑤/𝜇 positions on average in a window. Hence,
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with 𝑑𝑤 ≈ 𝑤/𝜇, we expect 𝑑 ≈ 1𝜇 . This intuitive link has already been noticed in the literature
[SWA03; ZKM21; MRSL25], but never, to the best of our knowledge, explicitly formalized
as such, nor proved for any scheme. The purpose of this section is to formally establish this
observation as a theorem, namely Theorem 16.1, under minimal assumptions.

The sequence 𝑆 is represented by a vector of integers R = 𝑅1, 𝑅2, …, where 𝑅𝑖 = rankO𝑚(𝑆[𝑖 ∶𝑖 + 𝑚]) ∈ J1, 𝜎𝑚K is the rank of the 𝑖-th m‑mer of 𝑆, according to the order O𝑚. A second
integer vector, P = 𝑃1, 𝑃2, …, describes the positions of the selected minimizers when sliding a
window of size 𝑤, i.e.𝑃𝑖 = min{𝑖 ≤ 𝑗 ≤ 𝑖 + 𝑤 − 1 ∶ 𝑅𝑗 = min(𝑅𝑖, … , 𝑅𝑖+𝑤−1)}.

Note that P can still be defined no matter how minimizers are chosen, or more generally, a
position, in a window. Since consecutive windows may choose the same position as a minimizer,
consecutive values of 𝑃𝑖 might be equal. It leads us to define the subsequence P∗ of distinct
values, i.e. 𝑃 ∗1 = 𝑃1, 𝑃 ∗2 is the first 𝑃𝑖 value distinct from 𝑃 ∗1 , 𝑃 ∗3 is the first 𝑃𝑖 value distinct
from 𝑃 ∗1 and 𝑃 ∗2 , and so on. In other words, P∗ is the sequence corresponding to the set S𝑓(𝑆) –
i.e. the set of selected indices. Finally, we define Δ = Δ1, Δ2, … as the sequence of distances
between selected positions, i.e. Δ1 = 𝑃 ∗1 , and Δ𝑖 = 𝑃 ∗𝑖 − 𝑃 ∗𝑖−1 for 𝑖 ≥ 2. An example is provided
in Figure 16.1.

A T A C G C A T C ⋯𝑆 = R

A T A
T A C

A C G
C G C

G C A
C A T

A T C⋮

1350726372014⋮

P = 3,1350726
3,5072637

3,
7263720

7,
26372014

…

Figure 16.1.: An example of sequence 𝑆, represented as a sequence R of integers (here, using
lexicographical order), and the sequence P of minimizers positions, with 𝑚 = 3
and 𝑤 = 4. We have P∗ = 3, 7, … and Δ = 3, 4, ….

We put ourselves in the context where 𝑆 is a random sequence, so that R,P,P∗ and Δ can
be considered as vectors of random variables. Our goal is to establish a link between 𝑑 and the
expected distance between selected positions, i.e., between 𝑑 and the 𝔼[Δ𝑖]’s. We obtain the
following result.

Theorem 16.1 (Density-distance equivalence). Let 𝜇 > 0. Consider 𝜀𝑖 = 𝔼[Δ𝑖] − 𝜇 as some
realization of an underlying random variable 𝜀 with 𝔼[𝜀] = 0. Then, we have 𝑑 ⋅ 𝜇 = 1.
Proof. The proof is deferred to Section D.1.

Theorem 16.1 states that if we assume that the distances between consecutive selected positions
of minimizers are somehow equally distributed, then their expected value is exactly 1/𝑑. This
assumption is the minimum viable hypothesis for establishing the result (since 𝜇 must be well
defined), and it does not depend on the process by which the 𝑅𝑖’s values are obtained, nor how
the positions of the minimizers 𝑃1, 𝑃2, … are selected in successive windows.

At this point, we have not made any assumptions on the random vectors R,P and P∗. It is
not trivial to formally verify whether the assumption regarding the 𝔼[Δ𝑖]’s is verified or not,
as the variables are most likely not to be independent nor identically distributed. However, in
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practice, we can verify that the assumption holds. In the remainder of this section, we investigate
how the assumption from Theorem 16.1 concerning the Δ𝑖’s holds for random minimizers. The
standard hypothesis that has been made in the literature regarding their choice is the following:

Hypothesis 16.1. Every m‑mer in a window of length 𝑤 has an equal probability of 1/𝑤 of
being the smallest m‑mer.

As discussed in [Mar+17], while “not strictly true in practice”, this hypothesis is reasonable
and reflects reality accurately “when using a randomized ordering”. However, the formulation
is unfortunate because it does not take into account the dependency between windows. If we
consider a window (𝑅𝑖, … , 𝑅𝑖+𝑤−1) outside of its context, then the hypothesis can be reformulated
as 𝑃𝑖 ∼ U(J1, 𝑤K). Unfortunately, since the same minimizer will likely be selected by several
successive windows, 𝑃𝑖 cannot be considered independent, nor even identically distributed (since𝑃𝑖 = 𝑃𝑖−1 with a non-zero probability). Here, we propose starting from a more elementary
hypothesis concerning the 𝑅𝑖’s. We then study, empirically and theoretically, the behavior of
the derived variables P, P∗ and Δ, to assess the gap between Hypothesis 16.1 and reality, and
to test the expectation hypothesis on the Δ𝑖’s. Our working assumption is the following.

Hypothesis 16.2. The random variables 𝑅1, 𝑅2, … are i.i.d., uniformly distributed over J1, 𝜎𝑚K.

Remark 16.1. Assuming a perfect hash function when computing the random order, our as-
sumption states that the probability of collision between 𝑅𝑖’s is 1/𝜎𝑚, which is consistent
with [ZKM21, Lemma S7], that establishes that two distinct m‑mers are identical in a random
sequence with probability 1/𝜎𝑚.

It is not too difÏcult to establish the law of 𝑃1 = 𝑃 ∗1 = Δ1 from Hypothesis 16.2:

Proposition 16.1 (Uniform distribution of 𝑃1). Under Hypothesis 16.2, ∀1 ≤ 𝑖 ≤ 𝑤,ℙ(𝑃1 = 𝑖) = 1𝑤 + ( 𝑤 − 𝑖𝑤 − 1 − 12) ⋅ 1𝜎𝑚 + 𝑂( 1𝜎2𝑚 ) .
It follows that 𝑃1 𝑎.𝑠.−−→ U(J1, 𝑤K) when 𝑚 → ∞.

Proof. The proof is deferred to Section D.2.

In Section D.3, we observe that the limit distribution is reached very quickly, for fairly small
values of 𝑚 (𝑚 = 8 in our case). This implies that for all values of 𝑚 likely to be used in
practice, Hypothesis 16.1 holds for 𝑃1, and Δ1 also follows a uniform distribution, meaning
that 𝔼[Δ1] = 𝑤+12 . If, indeed, all subsequent Δ𝑖’s have the same expectation, then, using
Theorem 16.1, we retrieve the well-known density of random minimizers, 𝑑 = 2𝑤+1 [SWA03;
Rob+04].

Unfortunately, formally establishing the law of further variables becomes rapidly intractable
due to the dependencies between them. To complete the study of subsequent 𝔼[Δ𝑖]’s, we resort to
Monte-Carlo simulations of our probabilistic model and obtain the results depicted in Section D.4.
From our results, the assumption that 𝔼[𝜀] = 0 is empirically verified (numerically, we get𝔼[𝜀] ≈ 0.0060), and the 𝔼[Δ𝑖]’s are indeed distributed around 𝜇 = 𝑤+12 = 5.5 (using 𝑤 = 10);
see supplementary Figure D.2a. We obtain numerically a density of 0.1808, i.e. 0.55% of error
compared to the theoretical value of 0.18. This empirical result highlights that Hypothesis 16.2
is indeed a proper assumption to work with, and also that the assumption of Theorem 16.1 is
reasonable, since it is verified in practice.
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16.2. Multiminimizers: trading time for space

We now introduce a practical family of meta schemes called multiminimizers, that assign a
bounded set of candidate minimizers and choose among them to reduce the frequency of selected
positions.

Considering Theorem 16.1, obtaining a low density scheme on a sequence 𝑆 requires having a
scheme that selects positions as far as possible from one another in 𝑆, while still covering all
k‑mers from 𝑆. In this regard, the best possible minimizer scheme would select m‑mers at a
distance of 𝑘 − 𝑚 + 1 bases from each other. However, without a way to retrieve which m‑mer
was chosen for a specific k‑mer, querying a k‑mer would require checking if any of its 𝑘 − 𝑚 + 1
m‑mers was selected as its minimizer. The same problem arises when inserting a k‑mer into a
database: one must perform 𝑘 − 𝑚 + 1 checks to verify whether it is already present or not.

To reduce this prohibitive cost, we propose a solution based on super‑k‑mers. As defined
in Section 4.3, a super‑k‑mer is a maximal sequence of consecutive k‑mers sharing the same
minimizer. Our technique starts by generating 𝑁 distinct hash functions (e.g. using 𝑁 distinct
random seeds). Then, we use these 𝑁 hash functions to generate 𝑁 distinct random minimizer
schemes. Each of these minimizer schemes yields a set of super‑k‑mers on the sequence 𝑆,
each covering all k‑mers of 𝑆. When iterating over the minimizers of a sequence, among the
super‑k‑mers that cover the first k‑mer, we select the one that ends the farthest in the sequence.
Then, we repeat this selection at the end of each selected super‑k‑mer: among all the super‑k‑mers
covering the first uncovered k‑mer, we select the one that ends the farthest in the sequence (see
Figure 16.2). We detail our method in Algorithm 16.1, running in O(𝑁 ⋅ |𝑆|) time and using
O(𝑁 ⋅ 𝑤) memory.

T A A G G G T G T C C A G C T A C …𝑆 =
T A A G G G T G T previous super-k-mer

G G T G T C C A G

A A G G G T G T C C A G C

G G G T G T C C A G C T

new
super-k-merG G T G T C C

super-k-mers
candidates

Figure 16.2.: Choice of a super‑k‑mer for 𝑘 = 6 using a multiminimizer scheme. The first k‑mer
uncovered by the previous super‑k‑mer is highlighted in red. Among the 𝑁 = 4
candidate super‑k‑mers covering this k‑mer, the multiminimizer scheme selects the
one ending the farthest in the sequence (i.e. farthest right of the blue line).

As mentioned in the introduction, a local scheme selects a m‑mer in a k‑mer solely based on
the k‑mer itself. This ensures covering all k‑mers, or equivalently, all windows of 𝑤 = 𝑘 − 𝑚 + 1
m‑mers [MDK18]. Formally, a local scheme is a function 𝑓 ∶ Σ𝑘 → J1, 𝑤K. Importantly, the local
scheme is both used at construction (e.g. when partitioning k‑mers based on their minimizer)
and query (e.g. to determine in which bucket a k‑mer might be present). For a given k‑mer𝑥 ∈ Σ𝑘, the position 𝑓(𝑥) is uniquely determined.

While minimizers are local schemes, multiminimizers are not, as they differ drastically in their
approach. At construction, we need to know when the previous super‑k‑mer ends, and where
the candidate super‑k‑mers end, information that a k‑mer alone cannot provide. In this regard,
the multiminimizer scheme has both to “remember the past” to determine when to select a new
minimizer, and “delve into the future” to choose which minimizer candidate to keep. At query,
for a given k‑mer, we have to compute and look up the 𝑁 minimizer candidates to determine
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Algorithm 16.1: MultiMinimizers algorithm.

function MultiMinimizers(𝑇 , 𝑤, 𝑚,S0, … ,S𝑁−1) // 𝑇 : text; S0, … ,S𝑁−1: 𝑁 minimizer
schemes.

Initialize buf of size 𝑁 × 𝑤 and run of size 𝑁𝑘 ← 𝑤 + 𝑚 − 1𝑖∗ ← −𝑤 // Starting position of the current super-k-mer.𝑗∗ ← 0 // 𝑖∗ mod 𝑤.ℎ∗ ← 0 // Selected minimizer scheme.
run[ℎ∗] ← 0
for 0 ≤ 𝑖 < |𝑇 | − 𝑘 + 1 do

if run[ℎ∗] = 0 then // The minimizer of the selected scheme has changed.𝑗 ← 𝑖 mod 𝑤𝑟 ← 𝑖 − 𝑖∗ // Number of outdated values in the buffer.
for 0 ≤ ℎ < 𝑁 do

for 𝑖∗ + 𝑤 ≤ 𝑝 < min(𝑖∗ + 𝑤 + 𝑟, |𝑇 | − 𝑘 + 1) do
buf[ℎ][𝑝 mod 𝑤] ← Sℎ(𝑇 [𝑝 ∶ 𝑝 + 𝑘])

run[ℎ] ← 1
while run[ℎ] < 𝑤 and buf[ℎ][(𝑗 + run[ℎ]) mod 𝑤] = buf[ℎ][𝑗] do

run[ℎ] ← run[ℎ] + 1𝑖∗, 𝑗∗ ← 𝑖, 𝑗ℎ∗ ← argmax run

run[ℎ∗] ← run[ℎ∗] − 1
yield buf[ℎ∗][𝑗∗]

whether it has already been seen, since the broader context(s) in which it might have been seen
are not known.

Ultimately, the multiminimizer scheme does not behave like a local scheme, either at construc-
tion or at query time. It is advantageous as it implies that its density is not subject to the lower
bound of local schemes by Kille et al. [Kil+24], although the 1/𝑤 bound still applies. As showed
in upcoming Section 16.4.1, the multiminimizer scheme does indeed beat this lower bound, and
approach a density of 1/𝑤 as 𝑁 increases. This gain in density comes at the price of (bounded)
increased query time, as discussed above.

Finally, note that the multiminimizer construction is not limited to random minimizer schemes,
but could be used with any combination of 𝑁 distinct local schemes, whether by varying
parameters or using concurrent schemes; in that sense, multiminimizers are a sort of meta
scheme. To illustrate this point, in upcoming Section 16.4, we investigate two implementations
of the multiminimizer construction, one with random minimizers, and the other with open-closed
mod-minimizers [GLP25].

16.3. On deduplicated density

It appears the standard density possesses a “twin” concept, that we call deduplicated density
(which we denote by 𝑑∗), and that we define as the fraction of distinct minimizers needed to
cover all k‑mers of a set of sequences (or, equivalently, a set of k‑mers), instead of the fraction of
positions selected along a sequence. The deduplicated density does not appear to have been
studied before, even if it is implicitly linked to filtering tasks, such as the ones tackled by Needle
[Dar+22].

Definition 16.1 (Minimizer Cover). Let X = {𝑥1, 𝑥2, …} be a set of (distinct) k‑mers. The
minimizer cover of X , according to some minimizer scheme 𝑓 , that we denote by MinCover𝑓(X ),
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is defined as MinCover𝑓(X ) = {min𝑓(𝑥) ∶ 𝑥 ∈ X}, where min𝑓(𝑥) designates the minimizer of 𝑥
according to 𝑓 .

Analogously to standard density, we can define a particular deduplicated density 𝑑∗(X ) and
obtain simple bounds, mimicking the ones we already have on standard particular density:1|X | ≤ 𝑑∗(X ) = |MinCover𝑓(X )||X | ≤ 1.

Standard density is computed as the limit of the expected particular density 𝔼[𝑑(𝑆)] on a
random sequence 𝑆 when |𝑆| → ∞, for fixed values of 𝑘 and 𝑚. However, one cannot have an
arbitrarily large set X since |X | ≤ 𝜎𝑘; therefore, we propose to define the deduplicated density
simply as the expected particular density of a random set of k‑mers X , without any notion of
limit.

Definition 16.2 (Deduplicated density). The (expected) deduplicated density of a minimizer
scheme 𝑓 is formally defined as𝑑∗ = 𝔼X [𝑑∗(X )] = 12𝜎𝑘 − 1 ∑

X∈P(Σ𝑘)∖∅ 𝑑∗(X )
where P(Σ𝑘) designates the powerset of Σ𝑘.

Noticing that 1/|X | ≥ 1/𝜎𝑘, we obtain the following trivial bounds for 𝑑∗.
Lemma 16.1 (Bounds on deduplicated density). For any minimizer scheme, we have 1/𝜎𝑘 ≤𝑑∗ ≤ 1.

Then, we have the following result.

Proposition 16.2 (Deduplicated density of random minimizers). Under Hypothesis 16.2,
the deduplicated density of the random minimizer scheme is given by the following, where𝑤 = 𝑘 − 𝑚 + 1:𝑑∗ = 12𝜎𝑘 − 1 𝜎𝑘∑𝑛=1 (𝜎𝑘𝑛 )𝜎𝑚𝑛 [1 − 1𝜎𝑚 𝜎𝑚∑𝑟=1 [1 − ( 𝑟𝜎𝑚 )𝑤 + (𝑟 − 1𝜎𝑚 )𝑤]𝑛] .
Proof. The proof is deferred to Section D.5.

The dependence on 𝜎𝑘 makes it intractable to compute 𝑑∗ when 𝑘 is large. We nonetheless
computed the first values, shown in Figure 16.3 (left); one can see that 𝑑∗ seems to be driven by
the value of 𝑤 rather than 𝑘, hence we conjecture that 𝑑∗ might only depend on 𝑤. Besides,
it seems that 𝑑∗ < 𝑑 holds. To access higher values, we resorted to Monte-Carlo simulations,
following the same probabilistic model as before, using Hypothesis 16.2. We observed how the
standard density 𝑑 and the deduplicated density 𝑑∗ evolved over the course of parsing a random
sequence, as shown in Figure 16.3 (right). While both densities seem to be equal for the first
few thousand windows, they rapidly diverge. We looked into the data and observed that the
number of distinct k‑mers and distinct windows observed are equal (it is not surprising since
the probability of collision of k‑mers is negligible), so the difference between the densities is
entirely explained by the discrepancy between the number of selected positions and the number
of distinct minimizers. While those values are equal at first, soon we obtain repeated minimizers1,
hence the drop in 𝑑∗.
1While the positions of minimizers are somehow uniformly distributed within a window, as seen in Section 16.1,

it is not the case of their values, which are the ones that repeat and therefore lead to a decrease in 𝑑∗. Indeed,
the values of the minimizers are distributed as min(𝑅1, … , 𝑅𝑤) where 𝑅𝑖 are i.i.d. uniform variables, and
therefore are strongly biased towards small values.
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(a) Theoretical values of 𝑑∗ for 2 ≤ 𝑘 ≤ 6 as a func-
tion of 1 ≤ 𝑤 ≤ 𝑘, obtained with the formula of
Proposition 16.2.
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(b) Monte-Carlo simulations of random minimizers
under Hypothesis 16.2. We generated 𝑁simu =103 random sequences R of size |R| = 105, with𝑚 = 8 and 𝑤 = 10. 95% of values across all
simulations are within the colored areas, the solid
lines being the medians.

Figure 16.3.: (left) Theoretical values of 𝑑∗ for small 𝑘. (right) Evolution of 𝑑 and 𝑑∗ over the
course of parsing a random sequence.

There are obviously many more aspects of deduplicated density to be studied, but they are
beyond the scope of this work. To conclude this section, we propose to consider applying
multiminimizers to deduplicated density.

Definition 16.3 (Multiminimizer Cover). Let O1𝑚, … ,O𝑁𝑚 be 𝑁 orders on m‑mers, and let
X = {𝑥1, 𝑥2, …} be a set of (distinct) k‑mers. A set Y = {𝑦1, 𝑦2, …} of m‑mers is said to be a
multiminimizer cover of X if and only if, for any 𝑥 ∈ X , there exists 𝑦 ∈ Y and 1 ≤ 𝑖 ≤ 𝑁 , so
that min𝑖(𝑥) = 𝑦, where min𝑖(𝑥) designates the smallest m‑mer of 𝑥 according to the order O𝑖𝑚.
In other words, for each k‑mer 𝑥 ∈ X , at least one of its 𝑁 minimizer candidates belongs to Y.

The natural extension of the deduplicated density in this context would be 𝑑∗ = |Y||X | , with
the same trivial bounds as before. Contrary to MinCover𝑓(X ), we have here a choice of which
candidate to choose as a minimizer, and therefore a chance at minimizing 𝑑∗ by making the
appropriate choices. Therefore, this leads to considering the following problem.

Problem 16.1 (MultiMinCover). Provided a set X of k‑mers and 𝑁 orders on m‑mers
O1𝑚, … ,O𝑁𝑚, find a set Y of m‑mers that is a multiminimizer cover of X and of minimum
cardinality |Y|.

This problem is closely related to the one of MinimumHittingSet: provided an integer 𝑘,
and a set X of k‑mers, find a set Y of m‑mers (called a hitting set) such that each k‑mer of X
contains at least one m‑mer from Y, and of minimum cardinality. This problem is known to
be NP-hard [Ore+16; Ore+17]. Here the problem is slightly different, as we do not ask the
elements of Y to simply appear in the k‑mers of X , but also to be their minimizers for at least
one of the orders. This problem also turns out to be difÏcult, as the following result shows.

Theorem 16.2 (NP-completeness of MultiMinCover). MultiMinCover is NP-complete (for𝜎 ≥ 3 and 𝑁 ≥ 2).
Proof. The proof is deferred to Section D.6.

Since minimizing |Y| is difÏcult, we must resort to heuristics. Furthermore, when parsing long
sequences, it would be prohibitively expensive to keep track of all the k‑mers encountered and
their candidate minimizers before starting to build the multiminimizer cover. For this reason,
we have developed a heuristic that makes decisions throughout the parsing of a sequence, based
solely on the local context, that is presented in Section 16.4.3.
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16.4. Results

In this section, we evaluate the performance of two implementations of the multiminimizer
technique: an iterator over random-minimizers-based multiminimizers, and a proof of concept
of multiminimizers using open-closed mod-minimizers [GLP25]. Both are written in the Rust
programming language, and freely available at github.com/lrobidou/multiminimizers. We
propose results for canonical k‑mers, but our implementation also supports non-canonical k‑mers.

Density results are provided in Section 16.4.1, whereas the space usage is investigated in Sec-
tion 16.4.2 and the conservation of sampled multiminimizers is studied in Section D.8. Regarding
running time, note that the multiminimizer scheme must compute all candidate minimizers, so
iteration over multiminimizers is linear in the number of hash functions. We measured the time
required to iterate over a random sequence and confirmed that our implementation scales linearly
with the number of hash functions, while remaining very fast as shown in Section D.9. Finally,
we provide some results in Section 16.4.3 on multiminimizers applied to filtering approaches.

16.4.1. Density

As discussed in Section 16.2, the multiminimizer construction aims at reducing the density of
any local scheme. We expect to reduce the density when increasing the number of hash functions.
The intuition is that increasing the number of super‑k‑mer candidates increases the chance of
finding a super‑k‑mer that ends further than the others, thus increasing the distance between
consecutive selected positions.

To show this density reduction, we generated a random sequence (5M bases) and computed
the density of our scheme on it, for 1 to 8 hash functions, using 𝑤 = 15 and varying 𝑚 (thus 𝑘).
We observed that the higher the number of hash functions, the lower the density, which allows
us to reach densities lower than any other scheme (see Figure 16.4a). We are not aware of any
prior iterator over minimizers with a density lower than the lower bound introduced by [Kil+24].
Figures for additional 𝑚 and 𝑤 values are available in Section D.7.

Although multiminimizers are not a local scheme, we have observed that the empirical densitŷ𝑑 and the empirical average distance between selected positions ̂𝜇 were indeed related as ̂𝑑 ≈ 1/ ̂𝜇,
hence showing that Theorem 16.1 might apply beyond the scope of local schemes.

To show that the multiminimizer construction can be applied to other schemes than random
minimizers, we applied it to the open-closed mod-minimizer [GLP25] to obtain a proof-of-concept
of a multi open-closed mod-minimizer scheme (MOCMM for short). Figure 16.4b shows that
this novel scheme achieves a lower density than the multiminimizers on a random sequence. At
the time of writing, the library we used to compute the minimizer scheme does not support the
open-closed mod-minimizer scheme. Therefore, we used a non-SIMD implementation, making it
much slower. For this reason, we could only reasonably run it on a random sequence of 5 × 105
bases.

In both Figure 16.4a and Figure 16.4b, one can observe that the density approaches the
theoretical lower bound 1/𝑤. This convergence seems intuitive since, when the number of hash
functions becomes large enough, all m‑mers of a k‑mer are likely to be chosen as the minimizer
candidate for at least one of the hash functions, and therefore the multiminimizer scheme tends
to become optimal.

16.4.2. Super‑k‑mers and hyper‑k‑mers space usage

Since the space usage of a super‑k‑mer representation of a sequence is driven by the density
of the underlying scheme [MRSL25, Thm. 1], we can translate a density reduction to a linear
super‑k‑mer representation. Figure 16.5a shows the space usage of a super‑k‑mer representation
of multiminimizers, whereas Figure 16.5b provides the same information for MOCMMs, both for
multiple numbers of hash functions and 𝑘 values.
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Figure 16.4.: Density of multiple schemes, compared to our (a) multiminimizer and (b) MOCMM
schemes with up to 32 hash functions. Our schemes are able to reach densities
less than the lower bound of [Kil+24]. GreedyMini is close to this bound, but its
computation time is exponential in 𝑚 (the next data point would take ≈ 62h to
compute).

Ideally, to represent a sequence over an alphabet of size 4 (e.g., a DNA sequence 𝑆), one
could use only 2 bits / k‑mer in 𝑆. However, super‑k‑mers use as low as 6 bits / k‑mer in 𝑆.
hyper‑k‑mers [MRSL25] were recently introduced and tend toward 4 bits / k‑mer in 𝑆 when
using a random-minimizer-based hyper‑k‑mer representation. This is still higher than the lower
bound of 2 bits / k‑mer, due to random minimizers having a density of 2𝑤+1 .

Since our multiminimizer scheme approaches a density of 1𝑤 , using a multiminimizer scheme
could allow hyper‑k‑mers to tend toward 2 bits / k‑mer in the input sequence. To test this
hypothesis, we replaced the iterator over minimizers of KFC (a hyper‑k‑mer-based k‑mer
counter introduced in [MRSL25]) by our iterator over multiminimizers and report the result
in Figure 16.5c. Note that KFC is optimized for large 𝑘 values (e.g. > 60), so we tested our
hypothesis in this range. Our results show that KFC converges to 2 bits / k‑mer in 𝑆, which we
believe to be the first streaming k‑mer representation to do so.

16.4.3. Pin: a multiminimizer approach to Needle-like applications

We developed a simple proof-of-concept minimizer index to demonstrate the utility of the multi-
minimizers approach for Needle-like filtering stages, in a prototype dubbed Pin (github.com/Mal-
foy/Pin). Such an index stores a set of minimizers that collectively cover all k‑mers of interest,
enabling efÏcient filtering as an indexed minimizer is a necessary condition for an indexed k‑mer,
and with sufÏciently large minimizers, passing the filter already implies substantial sequence
similarity. Our prototype relies on exact hash tables and handles a single uncolored set; the same
idea can be readily adapted to colored or approximate index structures. During construction, we
test the presence of k‑mers and then greedily select minimizers to cover any uncovered sequences.
We evaluate the approach on the Human HiFi accession SRR11292123 (~24 Gb) in Figure 16.6,
and observe a smaller index at a moderate cost in build and query time. Merely switching from
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(a) Super‑k‑mer representation + multiminimizers.
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(b) Super‑k‑mer representation + MOCMM.
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(c) Hyper‑k‑mer representation + multiminimizers.

Figure 16.5.: Number of bits / k‑mer for different representations of a random read, with 𝑚 = 21,
depending on 𝑘 and the number of hash functions used with the multiminimizer
construction. Increasing the number of hash functions allows the hyper‑k‑mer
representation (c) to converge to 2 bits / k‑mer, the minimum required to represent
a DNA sequence.

one to two hash functions yields an index about 20% smaller, with roughly a 20% increase in
construction time and about 85% in query time.

16.5. Conclusion

Multiminimizers trade a bounded amount of query time for lower density. The construction
is agnostic to the underlying scheme: we instantiated it with random minimizers and with
open-closed mod-minimizers, and in both cases the density drops below the forward-scheme
lower bound of [Kil+24] as the number of hash functions grows, approaching 1/𝑤. The gain
carries over to downstream representations. Plugging our iterator into KFC brings hyper‑k‑mer
storage close to 2 bits / k‑mer, the first streaming k‑mer representation to reach this regime as
far as we know. The Pin prototype shows the same pattern for filtering indexes, where even𝑁 = 2 already cuts index size by about 20% at modest cost.

The chapter also developed two pieces of theory that stand on their own. The density-distance
equivalence of Theorem 16.1 gives a way to reason about density under a single, minimal
assumption on the expected spacing of selected positions, and it appears to hold empirically
even outside the local-scheme setting where we proved it. The deduplicated density 𝑑∗ emerged
as a natural twin to standard density when the object of interest is a k‑mer set rather than
a sequence. We gave an analytical expression in the random-minimizer case, observed that it
diverges from 𝑑 on long sequences, and showed that minimizing it under the multiminimizer
model is NP-complete.

Several questions remain open. The theoretical density of the multiminimizer scheme is still to
be worked out, ideally as a function of 𝑁 and of the densities of the base schemes; conservation
properties also lack a formal treatment. The complexity of minimizing standard density globally
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Figure 16.6.: Relative performances of the minimizer dictionary Pin using multiminimizers,
comparing 𝑁 hash functions vs 𝑁 = 1. The 𝑥-axis depicts the relative index size
(in terms of the number of minimizers), and the 𝑦-axis provides relative construction
(left) and query (right) times. As an indicator, for 𝑁 = 1, there are ≈ 850 × 106
minimizers, construction time is 234s, and query time is about 0.04s.

is still unknown, despite the NP-completeness result for its deduplicated counterpart. Extending
deduplicated density to other scheme families, and simplifying its expression, would help clarify
how the two notions relate. Better local or global heuristics for MultiMinCover seem worth
pursuing.

On the practical side, the MOCMM proof of concept already shows that pairing multiminimizers
with other low-density schemes is straightforward; a SIMD-friendly implementation is the natural
next step. Replacing existing iterators with our Rust library is also a low-effort way to test
whether the gains we saw on hyper‑k‑mer-based counting extend to other minimizer-based tools.
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�� Note

This chapter is adapted from Rouzé et al. (2023) and Rouzé et al. (2025), accepted to
WABI 2023 and published in LIPIcs and Algorithms for Molecular Biology.
Antoine Limasset and Camille Marchet came up with the original idea. Timothé Rouzé
wrote most of the code and ran all the experiments. I proposed the notion of fractional
hitting sets, derived the bounds, wrote all the proofs and implemented the decycling sets
optimization.

As discussed in Chapter 3, FracMinHash [Irb+22] is a practical method for large-scale
containment and Jaccard estimation of k‑mer sets: its sketches scale linearly with input, avoiding
the fixed-budget limitations of tools like Mash [Ond+16], and can handle documents of widely
differing sizes. The storage strategy as implemented in sourmash [Pie+19] treats each selected
k‑mer as an opaque 32-bit hash, without exploiting the overlapping structure that consecutive
k‑mers naturally share. For collections at the scale of NCBI RefSeq, which contains over 1.2
million bacterial genomes totalling more than 5 Tbp, this per-element overhead becomes a
bottleneck.

The key observation we build on is that consecutive k‑mers share overlaps and naturally group
into super‑k‑mers (see Section 4.3), making it possible to represent a set of selected k‑mers more
compactly than by storing individual hashes. Universal Hitting Sets (discussed in Chapter 15)
aim to cover all k‑mers with a low-density scheme; however, our application does not require
complete coverage of the k‑mer space. We therefore introduce Fractional Hitting Sets (FHS) that
select a near-uniform fraction of the k‑mer space, study the achievable density as a function of
that fraction, and show that the resulting super‑k‑mers are particularly amenable to compact
encoding. We implement this scheme in a tool called SuperSampler, and evaluate it against
sourmash [Pie+19].

17.1. Preliminaries

Throughout this chapter we fix a DNA alphabet Σ = {𝐴, 𝐶, 𝐺, 𝑇 } with 𝜎 = |Σ| = 4, and
consider two input sets of sequences 𝑆𝐴 and 𝑆𝐵 (in practice, read sets or assembled genomes),
with 𝐴 and 𝐵 denoting their corresponding k‑mer sets.

¸Î Different notations

We reuse the notations from Section 4.3: the minimizer size is denoted 𝑚 while 𝑘 denotes
the number of bases in a window, i.e. 𝑘 = 𝑤 + 𝑚 − 1.

Definition 17.1 (maximal super‑k‑mer). Let 𝑠 (|𝑠| ≥ 𝑘) be a string and 𝑣 a super‑k‑mer of 𝑠.
Let 𝑖𝑚 be the first position of the minimizer on 𝑠. 𝑣 is a maximal super‑k‑mer iff 𝑣 starts at
position 𝑖𝑚 + 𝑚 − 𝑘 in 𝑠 and 𝑣 ends at position 𝑖𝑚 + 𝑘 − 1 in 𝑠. It follows that 𝑣 has a length of2𝑘 − 𝑚 and contains 𝑤 = 𝑘 − 𝑚 + 1 k‑mers.

Examples of regular and maximal super‑k‑mers are shown in Figure 17.1. As noted in [PSL23,
theorem 3], the proportion of maximal super‑k‑mers approaches 14 for large 𝑘.
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CTGAAATGCACATTT

CTGAAATGC

    AATGCA

     ATGCAC

      TGCACATTT

sequence

super-k-mers

1.

2.
3.

4.

(maximal)

(maximal)

Figure 17.1.: Super‑k‑mers extracted from a sequence for 𝑘 = 6, 𝑚 = 3. Minimizers are shown in
pink, here we use the lexicographic order instead of hashing minimizers for the sake
of simplicity. Super‑k‑mers 1 and 4 are maximal (they contain respectively k‑mers
{CTGAAA, TGAAAT, GAAATG, AAATGC} and {TGCACA, GCACAT, CACATT, ACATTT}), while 2
and 3 are not (and contain respectively k‑mers {AATGCA} and {ATGCAC}).

As recalled in Section 4.2, random minimizers achieve a density of 2/(𝑤 + 1), and we define
the density factor as the density multiplied by 𝑤 + 1 (so random minimizers have a factor of 2).
The question we explore here is whether relaxing full coverage to a fraction 𝑓 of k‑mers allows
us to push the density factor below 1, and what the implications are for sketch compactness.

17.2. Fractional Hitting Sets

A fractional hitting set relaxes the UHS requirement by only requiring that a fraction 𝑓 of
windows are hit, rather than all of them.

Definition 17.2 (fractional hitting set or FHS). Given 𝑓 ≤ 1, a set F ⊆ Σ𝑚 is a Fractional
Hitting Set (FHS) if a fraction at least 𝑓 of the sequences of 𝑤 consecutive m‑mers have an
element contained in F .

To avoid selection bias, we use a random hash function that distributes m‑mers uniformly
over J1, 𝜎𝑚K and select all m‑mers whose hash falls below a fixed threshold. We call these
small minimizers. Note that any method selecting a fraction of the minimizers hashes would be
suitable here.

Definition 17.3 (small m‑mer). Given a fixed threshold 𝑡 ∈ J1, 𝜎𝑚K, we say that a m‑mer is
small if its hash is below 𝑡. We denote by S the set of small m‑mers, and 𝑝 = 𝑡𝜎𝑚 the probability
that a m‑mer is small.

From 𝑝 we can derive the proportion of covered k‑mers.

Proposition 17.1. Given 𝑡 ∈ J1, 𝜎𝑚K and 𝑝 = 𝑡𝜎𝑚 , the expected fraction of k‑mers with distinct
m‑mers containing a small m‑mer is 𝑓 = 1 − (1 − 𝑝)𝑤
where 𝑤 = 𝑘 − 𝑚 + 1 and 𝑝 is the probability that a m‑mer is small.

Proof. Given a k‑mer with 𝑤 distinct m‑mers 𝑥1, … , 𝑥𝑤,

Pr(∀𝑖 ∈ J1, 𝑤K, ℎ(𝑥𝑖) > 𝑡) = 𝑤∏𝑖=1 Pr(ℎ(𝑥𝑖) > 𝑡) = (1 − 𝑝)𝑤
because the hashes of distinct m‑mers are independent, so𝑓 = Pr( min𝑖∈J1,𝑤K

ℎ(𝑥𝑖) ≤ 𝑡) = 1 − (1 − 𝑝)𝑤
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Note that this property is valid for k‑mers with distinct m‑mers; k‑mers with duplicated m‑mers
(i.e. k‑mers containing repetitions) have a lower coverage since they have fewer candidates for
small minimizers. Fortunately, as shown in [ZKM20] (see lemma 9), the proportion of k‑mers
with duplicated m‑mers is negligible for a sufÏciently large 𝑚 (> (3 + 𝜀) log𝜎 𝑤). Thus, our
selection method is uniform for k‑mers with distinct m‑mers, and almost uniform in the entire
k‑mer space.

Conversely, if we want a given fraction 𝑓 of the k‑mers to be covered, the threshold should be
chosen as 𝑡 = [1 − (1 − 𝑓)1/𝑤] ⋅ 𝜎𝑚 (17.1)

Related to this, let us define the subsampling rate as 𝑠 = 1𝑓 . For instance, a desired subsampling
rate of 1000 will give 𝑓 = 11000 .
17.2.1. Density of small minimizers

We showed that selecting k‑mers with a small minimizer induces an FHS. By considering the
usual definition of density (from Definition 4.1) for this scheme (which covers a fraction 𝑓 of all
k‑mers), we obtain the following bound (proven in Section E.2):

Theorem 17.1. Given 𝑓 ≤ 1 and 𝑡 = [1 − (1 − 𝑓)1/𝑤] ⋅ 𝜎𝑚, assuming 𝑚 > (3 + 𝜀) log𝜎 𝑤, the
expected density of small minimizers in a random sequence is upper bounded by2𝑓𝑤 + 1 + 𝑜(1/𝑤)

At first glance, the results may be surprising, as the density is smaller than the lower bound
of 1/𝑤 for 𝑓 < 1/2 and can approach zero. This is because some k‑mers may not contain any
small minimizers and are therefore not covered, and the proportion of such k‑mers increases as 𝑓
approaches 0. However, it is worth noting that this bound does match the 2/(𝑤 + 1) density
when 𝑓 = 1 (i.e., when every k‑mer is covered).

To obtain a more meaningful metric, we can compute the density on the fraction of the
sequence that is covered, instead of the entire sequence. With this approach, we obtain the
following theorem, which has been proven in the Section E.3:

Theorem 17.2 (restricted density). If we restrict to sequences in which every k‑mer contains a
small minimizer, then given 𝑓 ≤ 1 and 𝑡 = [1 − (1 − 𝑓)1/𝑤] ⋅ 𝜎𝑚, assuming 𝑚 > (3 + 𝜀) log𝜎 𝑤,
the expected density of small minimizers is upper bounded by2 ⋅ 𝑓 + (1 − 𝑓) ln(1 − 𝑓)𝑓2(𝑤 + 1) + 𝑜(1/𝑤)

Although less intuitive than the previous one, this result provides valuable insights into the
density within the covered portion of the sequence. As shown in Figure 17.2a, the associated
density factor ranges from 2 when 𝑓 = 1 (consistent with existing results) to 1 when 𝑓 = 0.
Therefore, as 𝑓 approaches 0, we can approach the optimal density.

17.2.2. Proportion of maximal super‑k‑mers

Although measuring the density provides an overview of the average length of super‑k‑mers, it
does not indicate how many of them are maximal (i.e., of length 2𝑘 − 𝑚). The following result
(proven in the Section E.4) answers this question:

Theorem 17.3. Given 𝑓 ≤ 1 and 𝑡 = [1 − (1 − 𝑓)1/𝑤] ⋅ 𝜎𝑚, the average proportion of maximal
super‑k‑mers (with respect to all super‑k‑mers) built from small minimizers in a random sequence
is given by [(1 − 1𝑤) 𝑓1 + 𝑓 ]2 + 1 − 𝑓(1 − 2/𝑤)1 + 𝑓
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17. Sketching super‑k‑mers

Note that this result generalizes theorem 2 from [PSL23], which corresponds to 𝑓 = 1. As
shown in Figure 17.2b, the proportion increases towards 100% as 𝑓 approaches 0.
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Figure 17.2.: Theoretical bounds on the density factor and the proportion of maximal su-
per‑k‑mers depending on the fraction 𝑓 of covered k‑mers.

17.2.3. Improving the density of fractional hitting sets using UHS

This effect is more pronounced for smaller values of 𝑓 . This observation raises a natural question:
what is the lowest achievable density for a given 𝑓? Since universal hitting sets (UHS) with a
density lower than 2 have been proposed for 𝑓 = 1, it is possible that they may also improve the
density for smaller 𝑓 values by considering only the m‑mers selected by the UHS as potential
minimizers.

Theorem 17.4. Given a UHS U with density 𝑑U , 𝑓 ≤ 1 and 𝑡 = [1 − (1 − 𝑓)1/𝑤] ⋅𝜎𝑚, assuming𝑚 > (3 + 𝜀) log𝜎 𝑤, the expected density of small minimizers selected from U (that is, S ∩ U) in
a random sequence is upper bounded by𝑓 ⋅ 𝑑U + 𝑜(1/𝑤)

The proof is given in Section E.5. Note that this result generalizes Theorem 17.1 since the
UHS of minimizers selected using a random ordering has a density of 2/(𝑤 + 1) [SWA03].

17.3. Sketching technique in SuperSampler

17.3.1. SuperSampler’s sketch construction

Definition 17.4 (SuperSampler’s sketch). Given a sequence 𝑆, each super‑k‑mer whose mini-
mizer’s hash is lower or equal to a threshold 𝑡 is selected, and all its surrounding k‑mers are
kept in the sketch as a super‑k‑mer. A SuperSampler sketch can therefore be represented as a
super‑k‑mer set.

Sourmash stores each selected k‑mer as a 32-bit hash, which introduces a small false-positive
rate but keeps the encoding simple and sequence-agnostic. As illustrated in Figure 17.3,
SuperSampler instead stores k‑mers as super‑k‑mers: fingerprints are exact (no false matches,
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shared k‑mers can be retrieved), and overlapping k‑mers within a super‑k‑mer share bases,
reducing space.

When using random minimizers, super‑k‑mers contain (𝑘−𝑚+1)/2 k‑mers on average [PSL23],
giving a mean length of (3𝑘 − 𝑚 − 1)/2 bases. Each super‑k‑mer also needs a log2(𝑘 − 𝑚 + 1)-bit
length header to delimit it, yielding a lower bound in bits / k‑mer of2 (3𝑘 − 𝑚 − 1 + log2(𝑘 − 𝑚 + 1))𝑘 − 𝑚 + 1
Using Equation 17.1 to set the fraction 𝑓 lowers the density further, producing longer super‑k‑mers.
At low 𝑓 , almost all super‑k‑mers are maximal (Theorem 17.3), which removes the need for
length headers (all have the same length 2𝑘 − 𝑚) and gives the tighter bits / k‑mer bound2(2𝑘 − 𝑚)𝑘 − 𝑚 + 1
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Figure 17.3.: SuperSampler’s sketching strategy. In order to build sketches, SuperSampler
computes super‑k‑mers over the input sequence. Fingerprints are associated with
each super‑k‑mer by hashing their minimizers to an integer, hence an integer per
super‑k‑mer. Super‑k‑mers associated to sufÏciently low integers are kept in the
sketch. Super‑k‑mers are put into partitions according to their minimizer.

17.3.2. Partitioned sketches

Since each super‑k‑mer is centered around a unique minimizer occurrence, super‑k‑mers naturally
partition into groups sharing the same minimizer. SuperSampler stores each non-empty partition
(a minimizer and its associated super‑k‑mers) independently. Within a partition, the minimizer
sequence is stored once and omitted from all maximal super‑k‑mers, since its position within
each maximal super‑k‑mer is known beforehand. This gives an even lower bits / k‑mer ratio of4(𝑘 − 𝑚)𝑘 − 𝑚 + 1
Figure 17.4 shows the space cost of the three encodings (plain super‑k‑mer, maximal super‑k‑mer,
partitioned super‑k‑mer) as a function of minimizer size, alongside measured performance on
random sequences.

Partitioning also accelerates comparisons: matching k‑mers between two sketches must share
a minimizer, so only one partition needs to be in memory at a time.

17.3.3. Set comparisons

SuperSampler’s sketch comparison produces an estimator for both Jaccard index 𝐽(𝐴, 𝐵) =|𝐴 ∩ 𝐵|/|𝐴 ∪ 𝐵| and containment index 𝐶(𝐴, 𝐵) = |𝐴 ∩ 𝐵|/|𝐴|.
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Figure 17.4.: Theoretical space cost of different encodings in bits / k‑mer according to the
k‑mer size along with practical space usage of SuperSampler sketches on random
sequences.
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Figure 17.5.: How SuperSampler and sourmash perform their respective sketch comparison.
Colored rectangles represent k‑mers. Those sharing the same color are sharing a
common minimizer. In SuperSampler sketches, k‑mers sharing their minimizers
are stored in the same partition. In this example, we discuss the comparison
of one document against a collection, although other use cases can be inferred.
SuperSampler is capable of skipping certain partitions that are not relevant to
the query. By focusing on smaller sub-parts of the collection one at a time,
SuperSampler effectively improves practical performance and reduces memory
usage.

138



17. Sketching super‑k‑mers

Unlike sourmash, which compares all fingerprints globally (Algorithm 17.1), SuperSampler
iterates over minimizer partitions (Algorithm 17.2, Figure 17.5): partitions absent from the query
are skipped entirely, and the remaining ones are processed independently. This is particularly
beneficial for large collections, where most partitions are query-specific and can be skipped.

Algorithm 17.1: Sketch comparison in sourmash.

Let 𝑄 be a list of query files 𝑄0..𝑄𝑖..𝑄𝑠−1
Let 𝑇 be a list of target files 𝑇0..𝑇𝑖..𝑇𝑝−1𝐻𝑄 is an array of 𝑠 sets of fingerprints, one for each query file𝐻𝑇 is built similarly for each target𝑀 is a matrix of size 𝑠 × 𝑝 filled with 0
for all 𝑖 ∈ 𝐻𝑄 do

for all 𝑗 ∈ 𝐻𝑇 do𝑀[𝑖][𝑗] = |𝐻𝑄[𝑖] ∩ 𝐻𝑇 [𝑗]| // time linear in the size of the smallest set

Algorithm 17.2: Sketch comparison in SuperSampler.

Let 𝑄 be a list of Query files 𝑄0..𝑄𝑖..𝑄𝑠−1𝐻𝑄 is a hashtable of hashtables𝐻𝑄 maps any minimizer in a file 𝑄𝑖 from 𝑄 to a hashtable
The second hashtable maps fingerprints from a given minimizer to a list of indexes of source
files in 0..𝑠 − 1
Similarly, a hashtable of hashtables 𝐻𝑇 is built for each target dataset 𝑇0..𝑇𝑝−1𝑀 is a matrix of size 𝑠 × 𝑝 filled with 0s
for all minimizer 𝑚 = key in 𝐻𝑄 do

if 𝑚 ∈ 𝐻𝑇 then
for all fingerprint 𝑓 = key in 𝐻𝑄[𝑚] do

if 𝑓 ∈ 𝐻𝑇 [𝑚] then // Partition 𝐻𝑇 [𝑚] is loaded only if necessary
for all index 𝑑𝑞 ∈ 𝐻𝑄[𝑚][𝑓] do

for all index 𝑑𝑡 ∈ 𝐻𝑇 [𝑚][𝑓] do𝑀[𝑑𝑞][𝑑𝑡] += 1
17.4. Results

All experiments were run on a cluster node with an Intel Xeon Gold 6130 CPU (2.10 GHz) and
128 GB of DDR4 RAM.

17.4.1. Space efficiency of SuperSampler.

For 𝑚 = 15, the first bound from Section 17.3.1 gives 9.2 bits / k‑mer with 𝑘 = 31 and 7.1
with 𝑘 = 63, but in practice SuperSampler achieves approximately 6.5 and 5 bits / k‑mer
respectively as depicted in Figure E.2, thanks to the lower density of the FHS scheme. As shown
in Figure 17.6, the density factor drops quickly with the subsampling rate: already below 1.04
at rate 100, and approaching 1 at rate 1000 (the sourmash default). Combining the FHS scheme
with double decycling sets [Pel+23] gives an additional improvement, particularly noticeable for
small 𝑘 (Figure 17.7).
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Figure 17.6.: Measured density factor compared to the model.
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Figure 17.7.: Space cost in bits / k‑mer according to the subsampling rate with and without
using decycling sets (yellow and red lines).

140



17. Sketching super‑k‑mers

17.4.2. Performance Comparison

We compared SuperSampler against sourmash on two datasets: 1024 Salmonella genomes (high
mutual similarity) and 1024 RefSeq bacterial genomes (Jaccard similarity near 0). All-vs-all
comparisons were timed and profiled with Snakemake, and exact Jaccard and containment values
from Simka [Ben+16] serve as ground truth for precision estimates.
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Figure 17.8.: Resource consumption results for 1024 bacterial genomes from RefSeq with k = 31.

17.4.2.1. RAM, time, and sketch size

Figure 17.8 and Figure E.3 demonstrate that, for 𝑘 = 31, SuperSampler generally consumes 5
times less RAM and requires 16 times less space than sourmash. Additionally, SuperSampler
performs computations 50 times faster than sourmash when comparing highly dissimilar genomes.
However, when genomes are very similar, such as with Salmonella, comparison times are
comparable since SuperSampler’s time optimization does not apply to very similar documents.
We also note that minimizer size has little to no impact on these metrics.

Figure E.4 and Figure E.5 reveal that the improvement in sketch disk size is even more
significant with larger values of 𝑘. SuperSampler uses in general 50 times less disk space than
sourmash with 𝑘 = 63, while maintaining similar differences in RAM and computation time.

17.4.2.2. Error

SuperSampler’s accuracy is slightly below sourmash’s (Figure 17.9), due to a mild clustering
effect: k‑mers sharing a small minimizer tend to be co-selected. In terms of precision per unit of
compressed sketch size, however, SuperSampler compares favorably (Figure 17.10). SuperSampler
also stores k‑mers exactly, so shared k‑mers can be retrieved directly, something sourmash cannot
do without switching to larger, invertible hashes.
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17. Sketching super‑k‑mers

17.4.2.3. Massive collection indexing

Figure 17.11 shows performance on 100 to 128,000 RefSeq bacterial genomes. SuperSampler
handles the full range in under 25 CPU hours; sourmash was stopped at 32,000 genomes. The
performance gap narrows at large scale because the 𝑛 × 𝑛 output matrix dominates memory
pressure for both tools. Sketch creation is cheap in both cases, with IO as the bottleneck.
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Figure 17.11.: Computational time for comparisons on different amounts of bacterial genomes
from RefSeq. From 100 to 128,000 genomes with 𝑘 = 63, 𝑠 = 1000 and 𝑚 = 15.
sourmash was run up to 32,000 genomes as it was taking too much time for the 2
last experiments.

17.5. Conclusion

This chapter introduced fractional hitting sets, a relaxation of universal hitting sets that covers
a fraction 𝑓 of the k‑mer space. The resulting small-minimizer scheme achieves a density
factor below 1.5 for 𝑓 ≤ 0.8 and approaching 1 as 𝑓 → 0, producing longer and more compact
super‑k‑mers than full-coverage schemes, with an increasing proportion of maximal super‑k‑mers
as 𝑓 decreases. SuperSampler exploits this by storing selected super‑k‑mers in minimizer-
partitioned sketches, enabling both compact encoding and efÏcient partition-level comparisons.
Experiments confirm the theoretical density bounds and show substantially lower disk and RAM
usage than sourmash at comparable accuracy.

We plan to investigate alternative methods for sketch comparison, like sorted fingerprints,
which could potentially reduce the complexity of the comparison process. From a theoretical
perspective, delving deeper into the properties of fractional hitting sets and gaining a better
understanding of density and restricted density bounds for various values of 𝑓 may lead to even
more efÏcient and robust sketching techniques. Finally, studying theoretical guarantees on the
bias of this approach would be an interesting direction.
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Third discussion

The starting point of this last part is that, at the scale of data we now have to deal with, we
cannot afford to keep every k‑mer. Estimating similarity does not require exhaustive indexing,
and the previous parts already pushed exact representations close to their limit, both in terms
of throughput and space. Sparsifying the input is therefore a natural next step, and one that
becomes more and more important as collections grow. The two chapters of this part covered
complementary angles on this question. Chapter 16 tackled it from the minimizer side, asking
how far we can push the density of a window-based scheme by allowing several candidates per
window. Chapter 17 approached it from the sketching side, introducing fractional hitting sets
to relax universal coverage while exploiting the super‑k‑mer structure of the selected k‑mers.
Both share the same broader goal of selecting fewer k‑mers while preserving the information
that matters for downstream comparisons.

A first observation I want to start with is that recent work on minimizers, my own included,
has been very focused on density. There is a good reason for this, since lower density translates
almost directly into smaller indexes, but density is not the only thing that matters. Metrics like
conservation, the fraction of selected k‑mers that survive mutations, are just as important when
it comes to comparing the similarity of sequences. If density captures the “more with less” side
of sampling, conservation captures the “well” side.

Another angle I find under-explored is the spectrum between context-free schemes such as
FracMinHash and context-based ones such as minimizers or syncmers. Most work sits at one of
the two ends, but there is no reason they cannot be combined. Chapter 17 was a first step in
that direction, layering a hash-based subsampling on top of minimizer selection, in the same
spirit as MashMap [Jai+17] which combines MinHash sketches with minimizers for long-read
mapping. I am convinced this middleground is promising and has more to offer than density
alone.

A direction I am currently exploring along similar lines is what I tentatively call lexicographic-
informed sketching. All the sketching methods presented in Chapter 3 treat k‑mers as opaque
hashes, completely losing their string structure. Drawing inspiration from LexicHash [GRS23]
and LexicMap [SLI25], we are exploring sketches that rely on the actual k‑mer strings to drive the
sampling, replacing the binary “match or not” comparison of hashes with a more granular notion
of string match. My intuition is that this should improve the precision of sketches compared to
MinHash and unlock new optimization opportunities for sketch storage and comparison.

A related line of recent work, briefly discussed in Chapter 3 and Chapter 4, is the design
of data structures in sketch space, working directly on the sequence of selected k‑mers rather
than on the original sequence. Minimizer-space de Bruijn graphs [EBC21; Eki+23] and the
U-index [Aya+25] are recent examples that illustrate how much can be saved by indexing shorter
sequences over a larger alphabet. This is the angle of another ongoing collaboration with Rob
Patro on scalable indexing through locally consistent phrases. The central idea is to index the
content between the selected anchors rather than the anchors themselves. Here the choice of
anchors directly shapes the distribution of distances between them. Context-free criteria such as
prefix-free parsing give a roughly geometric distribution with no upper bound, while minimizers
let us pick the upper bound through the window size but offer no lower bound beyond 1. The
middleground we are looking for would combine moderate context dependence with a reasonably
balanced distribution, and an interesting problem is whether we can enforce both a lower and
an upper bound on the distance between anchors.

One question that came out of this phrase-indexing approach, and that I find genuinely
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interesting, is whether we can build good compact sketches to compare small sets, on the order
of a hundred k‑mers per phrase. This regime does not seem to have been studied much, as most
sketching work has focused on whole genomes or large metagenomes, but small-set sketches
would be ideal to compare individual phrases at low cost. I expect that the right answer will
not be a scaled-down MinHash but something closer in spirit to DotHash [Nun+23], where the
comparison naturally produces a numerical similarity rather than an exact set operation.

Looking across all these directions, my overarching belief is that we should explore more
algorithms and data structures in sketch space.
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Conclusion & perspectives

Understanding living organisms at the molecular level has always required reading their genomes,
and reading genomes has meant more and more dealing with massive amounts of sequence data.
Over the past two decades, high-throughput sequencing has turned into a computational problem
where public archives now hold more than fifty petabases of raw reads, and the bottleneck has
long since shifted from producing data to analyzing it.

At the heart of most analysis pipelines sits a simple object, the k‑mer, a substring of fixed
length k. Counting these k‑mers, indexing them, comparing sets of them have been operations
that underlie genome assembly, read mapping, metagenomics, and large-scale similarity search.
After two decades of research and thousands of tools built around them, what remained to be
done was a legitimate question, and one of the first I got asked when presenting my work at the
start of my PhD was:

Why do we keep studying k‑mers nowadays?

I remember being quite confused at the time, unsure how to defend a research object that
had been around for so long. Three years later, I think this thesis offers part of an answer.

The three parts of the manuscript each take a different angle on the same broader problem.
The first asked how far we could push the throughput of a genomic pipeline when the algorithm
and the implementation are designed together, and showed that careful vectorization across
parsing, hashing and minimizer selection brought us close to the hardware limit. The second
asked how the representation of a k‑mer set could itself become a source of performance, and
showed that structures exploiting the locality between consecutive k‑mers improve both space
and streaming access while widening the range of operations a dictionary can natively support.
The third asked how much we could afford to drop from the input, and how to choose what to
keep so that similarity queries still hold on much sparser representations.

The three parts share the same underlying argument, that sequence and representation should
be treated as a single design problem rather than two separate ones, and this holds whether we
look at the raw stream of nucleotides, at k‑mer-based dictionaries, or at the sparser sketches
that summarize them. The third part pushes this idea one step further by suggesting that
the sampled view of a sequence deserves its own data structures, its own indexes and its own
primitives, rather than being seen as a lossy preprocessing step before going back to k‑mer-level
analysis.

Stepping back from the technical content, our field has evolved a lot between the start of my
PhD and today. So has academia at large, and computer science more broadly. The most visible
shift is of course the rapid adoption of large language models. They have changed the everyday
work of software developers in ways that would have felt surprising three years ago, and are
now part of the toolbox of many. I do not believe transformers are the answer to every single
problem, and they remain quite challenging to apply at the scale of sequencing data we work
with. They have however driven a broader interest in embeddings and vector representations,
and I think this opens avenues worth exploring for our community.

There is for instance a loose connection between the way text embeddings work and the way
we compute sequence fingerprints. Both turn a long stream into a compact representation that
captures something about its content, and both lend themselves to nearest-neighbor search.
Whether vector search techniques can be adapted to minimizer or sketch embeddings is, to me,
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an interesting question, and I would not be surprised if useful crossover ideas appeared in the
coming years.

These changes also reflect on the way we teach and learn computer science. As a teaching
assistant during my PhD, I had to rethink how to evaluate students, and how to help them build
the intuition they need before reaching for a language model on every problem. The same applies
to software development more broadly. Lowering the barrier to entry has made many projects
easier to start, but it has also made codebases harder to keep maintainable. I worry that the
open-source ecosystem may end up flooded by short-lived libraries that nobody really maintains,
and I see a real need to foster a few well-crafted community tools instead of reinventing them
under slightly different names.

What I find most interesting in the shift of the last few years is actually not the software side,
but the hardware side. Training and running these models at the scale of trillions of parameters
has pushed the design of new accelerators, memory hierarchies and interconnects much further
than what we would have seen otherwise. A good example is the unified memory model now
found on Apple Silicon and on several recent server-grade machines, where the CPU and GPU
share the same physical memory and can exchange data with virtually no cost. This design was
largely motivated by the needs of model inference, but the underlying improvements are a real
opportunity for sequence processing too. If these hardware advances reach consumer machines,
they could finally make GPU acceleration practical for the kind of pipelines I worked on during
this thesis.

Paradoxically, I think this same trend makes frugal algorithmic solutions more important
than ever, not less. Energy and compute are scarce wherever the demand keeps growing, and
most of the new sequencing data will not be analyzed in a centralized cluster but on whatever
workstation happens to be available. The compromise I see emerging is a mix of frugal local
computing on lightweight summaries and a few very optimized centralized indexes that everyone
can query. The Logan project, which compacts most of the Sequence Read Archive into a
searchable index of unitigs, is a nice early example of what the second half can look like. Pushing
on the first half is where I see the most room left, and I am convinced the future is sparse,
with more and more computation happening directly on sketches rather than on the full k‑mer
content. Mapping and assembly already have early proofs of concept in that direction, and I
think there is a lot more to push in that direction.

The last observation I want to end on is that this thesis stayed firmly on the DNA side of the
problem. Tremendous progress has happened on protein analysis in parallel, with deep learning
reshaping what we can extract from amino acid sequences, and recent work on hybrid methods
combining the two has been quite promising. I find this convergence very exciting. Sparse,
anchor-based structures for large collections are starting to appear across both communities,
whether we look at de Bruijn graphs of minimizers, syncmers or amino acids, and I think there
is a lot to learn from putting these two worlds in the same conversation. This is a direction I
would like to explore after this PhD.
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A. A forward scheme for canonical minimizers

This appendix will be completed later.
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B. Experiments on parsing

B.1. Features of the benchmarked CPUs

Table B.1.: Instruction-set extensions supported by the benchmarked CPUs.

CPU Year SSE AVX2 BMI2 NEON
Intel
Xeon X5670 2010 + – – –
Xeon E5-2620 2012 + – – –
Xeon E7-4850 V3 2015 + + + –
Xeon E5-2620 V4 2016 + + + –
Xeon Gold 6130 2017 + + + –
Xeon Gold 5218 2019 + + + –
Xeon Gold 5318Y 2021 + + + –
Xeon Silver 4314 2021 + + + –
Xeon Gold 6442Y 2023 + + + –
Core Ultra 7 165H *1 2023 + + + –
AMD
Epyc 7301 2017 + + ~2 –
Epyc 7452 2019 + + ~ –
Epyc 7642 2019 + + ~ –
Epyc 7513 2021 + + + –
Epyc 9254 2022 + + + –
Ryzen 5 8500G * 2024 + + + –
ARM
Apple M1 * 2020 – – – +
Apple M3 Pro * 2023 – – – +
Neoverse-V2 2023 – – – +

B.2. Additional experiments on data read from disk

B.3. Additional experiments on data loaded in RAM

B.3.1. Throughput

B.3.2. Instructions and cycles

B.3.3. Branches and branch misses

1(*) personal computers, not benchmarked in a reproducible environment
2(~) microcoded PDEP/PEXT instructions (very slow)

169



B. Experiments on parsing

0.0 2.5 5.0 7.5 10.0 12.5 15.0
Throughput (GB/s)

2.15

1.95

2.01

2.45

4.22

4.37

4.64

4.98

5.18

6.28

3.02

4.44

4.51

5.18

6.03

7.88

4.65

5.67

4.90

4.60

4.23

4.06

4.84

6.75

7.18

7.80

8.93

8.37

10.74

5.12

6.94

7.10

9.33

10.76

14.82

11.11

11.39

6.79

4.79

4.23

4.00

4.09

7.11

6.68

7.65

8.60

8.71

10.98

5.62

6.84

6.93

10.09

11.33

13.13

11.30

12.18

8.15

3.20

2.73

3.44

3.54

5.61

5.16

6.25

6.79

7.41

8.31

4.43

5.44

5.76

7.60

9.07

10.77

7.18

8.62

5.56

2.87

2.43

3.22

4.36

4.96

4.44

5.76

6.27

6.90

7.69

3.75

4.86

5.10

6.69

7.94

9.51

7.39

8.62

5.86

Xeon X5670
(2010)

Xeon E5-2620
(2012)

Xeon E7-4850 V3
(2015)

Xeon E5-2620 V4
(2016)

Xeon Gold 6130
(2017)

Xeon Gold 5218
(2019)

Xeon Gold 5318Y
(2021)

Xeon Silver 4314
(2021)

Xeon Gold 6442Y
(2023)

Core Ultra 7 165H
(2023)

Epyc 7301
(2017)

Epyc 7452
(2019)

Epyc 7642
(2019)

Epyc 7513
(2021)

Epyc 9254
(2022)

Ryzen 5 8500G
(2024)

Apple M1
(2020)

Apple M3 Pro
(2023)

Neoverse-V2
(2023)

Parser
Paraseq
Needletail
Helicase
Helicase columnar
Helicase packed
Helicase packed
(w/ PDEP)

Throughput  Long reads (FASTQ)

Figure B.1.: Throughput of each parser for long reads on multiple CPUs, sorted by manufacturer
and year.
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Figure B.2.: Throughput of each parser for data loaded in RAM on multiple CPUs, sorted by
manufacturer and year. Needletail and Paraseq both have to use a reader over a
slice, which degrades their performance.
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Figure B.3.: Throughput of Helicase string collection compared to counting DNA bases.
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Figure B.4.: Instructions and cycles per byte on multiple CPUs, sorted by manufacturer and
year.
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Figure B.5.: Branches per byte on multiple CPUs, sorted by manufacturer and year.
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Figure B.6.: Branch misses per MB on multiple CPUs, sorted by manufacturer and year.
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C.1. Datasets

Table C.1 lists the datasets used in the experiments and their characteristics.

Table C.1.: E. Coli datasets used for benchmarking KFC. Min., Avg. and Max. refer to the
minimum, average and maximum read length respectively.

Name Type Coverage # reads Total length Min. Avg. Max.
SRR11434954 HiFi 5000× 1,789,131 23,122,913,014 46 12,924.1 26,294
SRR28370642 ONT

Duplex
50× 114,703 236,908,842 349 2,065.4 126,029

SRR28370651 ONT
Duplex

50× 109,061 226,502,819 330 2,076.8 125,012

SRR28370668 ONT
Simplex

2000× 6,819,683 9,101,103,830 1 1,334.5 396,011

C.2. Multi-threading efficiency of KFC

In this section, we assess the multi-threading efÏciency of KFC (Figure C.1). Our results
demonstrate that KFC effectively utilizes multi-core architectures, achieving performance gains
with up to several dozen cores before experiencing diminishing returns.

Figure C.1.: Multi-core usage efÏciency of KFC on the 100× HiFi E. coli dataset.
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C.3. Metagenomic benchmarks

Figure C.2 and Figure C.3 confirm the trends of Section 14.4.1 on two larger HiFi metagenomic
datasets.
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Figure C.2.: k‑mer counting benchmark on HiFi Zymo community dataset (SRR13128014)
downsampled at 5 gigabases, with unique k‑mer filtering.
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Figure C.3.: k‑mer counting benchmark on HiFi human gut datasets (SRR15275210,
SRR15275211, SRR15275212, SRR15275213) downsampled at 15 gigabases, with
unique k‑mer filtering.

C.4. Effect of coverage

Figure C.4 shows benchmarks similar to Figure 14.7 but at various coverage levels, without
significant change in the relative behaviors of the tools.

C.5. Effect of not filtering unique k‑mers

In this section, we present the performance of KFC when unique k‑mers are not filtered out.
Figure C.6 shows the results discussed in Section 14.4.1. They are similar to Figure 14.7, but
without filtering unique k‑mers.
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Figure C.4.: k‑mer counting benchmark on ONT Simplex E. coli dataset (SRR28370668) for
various coverage.
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Figure C.5.: k‑mer counting benchmark on the complete HiFi human gut datasets (SRR15275210,
SRR15275211, SRR15275212, SRR15275213), filtering k‑mers appearing once or
twice (abundance threshold 𝑡 = 3).
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Figure C.6.: Comparison of k‑mer benchmarks on different E. coli datasets without any filtering.
Each subfigure shows the memory usage and timing plots for different sequencing
technologies.
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C.6. Pangenome benchmark

We evaluate the tools on one thousand S. enterica complete genomes from NCBI to assess
the cost of counting large k‑mers across a pangenome (Figure C.7). KFC remains the most
memory-efÏcient tool ahead of FastK and KMC, and for very large k‑mer sizes (𝑘 > 500) it also
becomes the fastest, although its multithreading efÏciency (analyzed in Section C.2) lags behind
KMC on small input sizes, so it leads only when running on fewer threads.
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Figure C.7.: k‑mer counting benchmark on one thousand S. enterica complete genomes.
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D. Proofs and experiments on multiminimizers

D.1. Proof of Theorem 16.1

Proof. We start by rewriting the density formula as𝑑 = lim𝑀→∞ 1𝜎𝑀 ∑𝑆∈Σ𝑀 |S𝑓(𝑆)||𝑆| − 𝑘 + 1 = lim𝑀→∞ 1𝑀 − 𝑘 + 1 ∑𝑆∈Σ𝑀 1𝜎𝑀 ⋅ |S𝑓(𝑆)| = lim𝑀→∞ 𝔼[|S𝑓(𝑆)|]𝑀 − 𝑘 + 1
(D.1)

where 𝔼[|S𝑓(𝑆)|] designates the expected particular density of a (uniform) random sequence 𝑆
of length 𝑀 , seen as a random variable. Suppose we can extend the original sequence 𝑆, of size𝑀 , and continue selecting minimizers past the first 𝑀 characters. We define 𝜏𝑀 = inf{𝑛 ∈ ℕ ∶𝑃 ∗𝑛 > 𝑀} as the random variable that determines how many minimizers have been selected in𝑆; hence 𝜏𝑀 = |S𝑓(𝑆)|. Therefore, we can rewrite the above as 𝑑 = lim𝑀→∞ 𝔼[𝜏𝑀]𝑀−𝑘+1 .

Let us call 𝑆𝑛 = ∑𝑛𝑖=1 Δ𝑖. Notice that, by definition of the Δ𝑖’s, 𝑆𝑛 = 𝑃 ∗𝑛; then 𝜏𝑀 = inf{𝑛 ∈ℕ ∶ 𝑆𝑛 > 𝑀} is a stopping time with respect to the 𝜎-algebra generated by the Δ𝑖’s. Using
Wald’s equation [Wal44], we get𝔼[𝑆𝜏𝑀 ] = 𝔼 [ 𝜏𝑀∑𝑖=1 𝔼[Δ𝑖]] = 𝔼 [𝜏𝑀 ⋅ 𝜇 + 𝜏𝑀∑𝑖=1 𝜀𝑖] = 𝔼[𝜏𝑀 ] ⋅ 𝜇 + 𝔼 [ 𝜏𝑀∑𝑖=1 𝜀𝑖] .

We apply again Wald’s equation to the right-hand term and obtain𝔼[𝑆𝜏𝑀 ] = 𝔼[𝜏𝑀 ] ⋅ 𝜇 + 𝔼 [ 𝜏𝑀∑𝑖=1 𝔼[𝜀𝑖]] = 𝔼[𝜏𝑀 ] ⋅ 𝜇 + 𝔼[𝜏𝑀 ] ⋅ 𝔼[𝜀]⏟⏟⏟⏟⏟=0 .
By definition of 𝑆𝑛, 𝜏𝑀 and the Δ𝑖’s, notice that 𝑀 ≤ 𝑆𝜏𝑀 ≤ 𝑀 + 𝑤 − 1. Therefore𝑀𝑀 − 𝑘 + 1 ≤ 𝔼[𝜏𝑀 ]𝑀 − 𝑘 + 1 ⋅ 𝜇 ≤ 𝑀 + 𝑤 − 1𝑀 − 𝑘 + 1 ,

and, taking the limit as 𝑀 → ∞, we establish our result.

D.2. Proof of Proposition 16.1

Proof. We begin with the following lemma.

Lemma D.1 (Trapezoid rule). For any function 𝑓 ∶ [0, 1] → ℝ at least two times continuously
derivable, we have 1𝜎𝑚 𝜎𝑚−1∑𝑟=1 𝑓( 𝑟𝜎𝑚 ) = ∫10 𝑓(𝑥) 𝑑𝑥 − 𝑓(1) + 𝑓(0)2𝜎𝑚 + 𝑂( 1𝜎2𝑚 ) .
Proof. This is a direct application of the trapezoid rule for numerical integration. Defining𝐸 = ∫10 𝑓(𝑥) 𝑑𝑥 − 1𝜎𝑚 (𝑓(1)+𝑓(0)2 + ∑𝜎𝑚−1𝑟=1 𝑓( 𝑟𝜎𝑚 )), we have 𝐸 = − 112𝜎2𝑚 𝑓″(𝜂) for some 𝜂 ∈ [0, 1]
[Atk08, eq. (5.1.17)].
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Let 1 ≤ 𝑖 ≤ 𝑤. For 𝑅𝑖 to be the minimizer of the window 𝑅1, … , 𝑅𝑤, then we must have:>𝑅𝑖⏞⏞⏞⏞⏞𝑅1, … , 𝑅𝑖−1, 𝑅𝑖 , ≥𝑅𝑖⏞⏞⏞⏞⏞𝑅𝑖+1, … , 𝑅𝑤
The events (𝑅𝑗 > 𝑅𝑖) and (𝑅𝑗 ≥ 𝑅𝑖) are clearly not independent of 𝑅𝑖; but resorting to the

law of total probability, and using that the 𝑅𝑗’s are i.i.d., we obtainℙ(𝑃1 = 𝑖) = 𝜎𝑚∑𝑟=1 ℙ(𝑅1 > 𝑟)𝑖−1 ⋅ ℙ(𝑅1 ≥ 𝑟)𝑤−𝑖 ⋅ ℙ(𝑅𝑖 = 𝑟)= 1𝜎𝑚 𝜎𝑚∑𝑟=1 (𝜎𝑚 − 𝑟𝜎𝑚 )𝑖−1 ⋅ (𝜎𝑚 − 𝑟𝜎𝑚 + 1𝜎𝑚 )𝑤−𝑖
= 1𝜎𝑚 𝜎𝑚−1∑𝑟=0 ( 𝑟𝜎𝑚 )𝑖−1 ⋅ ( 𝑟𝜎𝑚 + 1𝜎𝑚 )𝑤−𝑖

by change of variable.

Using Lemma D.1 with 𝑓 ∶ 𝑥 ↦ 𝑥𝑖−1(𝑥 + 𝜎−𝑚)𝑤−𝑖, we obtainℙ(𝑃1 = 𝑖) = 1𝑖=1𝜎𝑚𝑤 + ∫10 𝑥𝑖−1(𝑥 + 𝜎−𝑚)𝑤−𝑖 𝑑𝑥 − (1 + 𝜎−𝑚)𝑤−𝑖 + 𝜎−𝑚𝑤1𝑖=12𝜎𝑚 + 𝑂( 1𝜎2𝑚 ) .
Using the fact that (𝑥 + 𝜎−𝑚)𝑛 = 𝑥𝑛 + 𝑛𝑥𝑛−1𝜎𝑚 + 𝑂(𝜎−2𝑚), we getℙ(𝑃1 = 𝑖) = ∫10 𝑥𝑤−1 𝑑𝑥 + 𝑤 − 𝑖𝜎𝑚 ∫10 𝑥𝑤−2 𝑑𝑥 − 12𝜎𝑚 + 𝑂( 1𝜎2𝑚 )= 1𝑤 + ( 𝑤 − 𝑖𝑤 − 1 − 12) ⋅ 1𝜎𝑚 + 𝑂( 1𝜎2𝑚 ) .

D.3. Convergence of 𝑃1 to the uniform distribution

In Figure D.1, we computed the distribution of 𝑃1 for various values of 𝑚, using the exact
formula ℙ(𝑃1 = 𝑖) = 1𝜎𝑚 𝜎𝑚−1∑𝑟=0 ( 𝑟𝜎𝑚 )𝑖−1 ⋅ (𝑟 + 1𝜎𝑚 )𝑤−𝑖
rather than the approximation of Proposition 16.1. As one can see, 𝑃1 converges quickly to the
limit uniform distribution (as one can expect since the dependency on 𝑚 is of the order of 𝜎−𝑚).

D.4. Monte-Carlo simulations of randomminimizers

Simulating our probabilistic model of random minimizers, with Hypothesis 16.2, we obtain the
results depicted in Figure D.2, which have been commented on in the core of the paper.

One thing that seems surprising at first glance is the peak observed for 𝔼[Δ2]. When sliding
the window by one position, either the previous minimizer 𝑋 is still in the window and we
change the minimizer only if the new value 𝑋′ is < 𝑋, or 𝑋 is not in the window anymore
and we select as a new minimizer the minimum value in the window (which is called a rescan).
Here, 𝑃1 is always obtained by a rescan operation, meaning that 𝑃 ∗2 is always obtained as “the
next minimizer following a rescan”. We do not observe any other peak in the distribution of𝔼[Δ𝑖]’s as the other rescans are randomly found in the sequences, and therefore their impact is
smoothed among all simulations. We have the following result; note that both the formula and
the empirical simulations yield a value of 𝔼[Δ2] ≈ 5.87 for 𝑤 = 10 and 𝑚 = 8.
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Figure D.1.: With 𝑤 = 10, evolution of the distribution of 𝑃1 as 𝑚 increases. The actual
value of 𝑃1 is computed using the exact formula instead of the approximation of
Proposition 16.1.
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Figure D.2.: Monte-Carlo simulations of our model of random minimizers under Hypothesis 16.2.
We used 𝑚 = 8, 𝑤 = 10 and generated 𝑁simu = 106 random sequences R, all long
enough so that the sequence Δ contains at least 100 values.
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Proposition D.1 (Expected value of Δ2 (simplified)). Assuming 𝑤2 = 𝑜(𝜎𝑚),𝔼[Δ2] = 3 ln 2 − 12 ⋅ 𝑤 + ln 22 + 18 − 𝑤 − 132𝑤2 + 𝑂( 1𝜎𝑚 ) .
We actually prove the following, more general, result:

Proposition D.2 (Expected value of Δ2 (general)).𝔼[Δ2] = (𝐻2𝑤 − 𝐻𝑤)3𝑤 + 12 − 𝑤 − 12 + 𝑂( 1𝜎𝑚 )
where 𝐻𝑛 denotes the 𝑛-th harmonic number 1 + 12 + ⋯ + 1𝑛 .
Proof. To prove this, we distinguish two cases: either 𝑃 ∗2 “overwrites” 𝑃 ∗1 because 𝑅𝑃 ∗2 < 𝑅𝑃 ∗1 ,
or 𝑃 ∗1 goes out of scope and 𝑃 ∗2 is selected by a rescan. Therefore,𝔼[Δ2] = 𝔼[Δ2 ⋅ 1𝑃 ∗2 overwrites 𝑃 ∗1 ] + 𝔼[Δ2 ⋅ 1rescan].

In the following paragraphs, we show that:

• 𝔼[Δ2 ⋅ 1𝑃 ∗2 overwrites 𝑃 ∗1 ] = 𝑤(𝐻2𝑤 − 𝐻𝑤) − 𝑤−12 + 𝑂(1/𝜎𝑚)
• 𝔼[Δ2 ⋅ 1rescan] = 𝑤+12 (𝐻2𝑤 − 𝐻𝑤) + 𝑂(1/𝜎𝑚)
Combining these, 𝔼[Δ2] = (𝐻2𝑤 − 𝐻𝑤)3𝑤 + 12 − 𝑤 − 12 + 𝑂( 1𝜎𝑚 ) .
By approximating 𝐻𝑛 as ln𝑛 + 𝛾 + 12𝑛 − 112𝑛2 + 𝑂( 1𝑛4 ), we get the desired result:𝔼[Δ2] = 3 ln 2 − 12 ⋅ 𝑤 + ln 22 + 18 − 𝑤 − 132𝑤2 + 𝑂( 1𝜎𝑚 ) .
Overwrite case.

Lemma D.2. For any 1 ≤ 𝑗 ≤ 𝑖 ≤ 𝑤, the probability that 𝑃 ∗2 = 𝑤 + 𝑗 overwrites 𝑃 ∗1 = 𝑖 isℙ((𝑃 ∗1 = 𝑖) ∩ (𝑃 ∗2 = 𝑤 + 𝑗) ∩ (𝑅𝑤+𝑗 < 𝑅𝑖)) = 1𝑤 + 𝑗 − 1 − 1𝑤 + 𝑗 + 𝑂( 1𝜎𝑚 ) .
Proof. Let 𝑂𝑖,𝑤+𝑗 denote the event (𝑃 ∗1 = 𝑖) ∩ (𝑃 ∗2 = 𝑤 + 𝑗) ∩ (𝑅𝑤+𝑗 < 𝑅𝑖).

ℙ(𝑂𝑖,𝑤+𝑗) = 𝜎𝑚∑𝑟=1 ℙ(𝑅1 > 𝑟)𝑖−1 ⋅ ℙ(𝑅𝑖 = 𝑟) ⋅ ℙ(𝑅1 ≥ 𝑟)𝑤−𝑖+𝑗−1 ⋅ ℙ(𝑅𝑤+𝑗 < 𝑟)= 1𝜎𝑚 𝜎𝑚∑𝑟=1 ℙ(𝑅1 > 𝑟)𝑖−1 ⋅ ℙ(𝑅1 ≥ 𝑟)𝑤−𝑖+𝑗−1 ⋅ (1 − ℙ(𝑅𝑤+𝑗 ≥ 𝑟))= 1𝜎𝑚 𝜎𝑚∑𝑟=1 (𝜎𝑚 − 𝑟𝜎𝑚 )𝑖−1 (𝜎𝑚 − 𝑟 + 1𝜎𝑚 )𝑤−𝑖+𝑗−1 (1 − 𝜎𝑚 − 𝑟 + 1𝜎𝑚 )= 1𝜎𝑚 𝜎𝑚∑𝑟=1 (𝑟 − 1𝜎𝑚 )𝑖−1 ( 𝑟𝜎𝑚 )𝑤−𝑖+𝑗−1 (1 − 𝑟𝜎𝑚 ) by change of variable.

184



D. Proofs and experiments on multiminimizers

Applying Lemma D.1 with 𝑓 ∶ 𝑥 ↦ (𝑥 − 𝜎−𝑚)𝑖−1𝑥𝑤−𝑖+𝑗−1(1 − 𝑥), we obtainℙ(𝑂𝑖,𝑤+𝑗) = ∫10 (𝑥 − 𝜎−𝑚)𝑖−1𝑥𝑤−𝑖+𝑗−1(1 − 𝑥) 𝑑𝑥 − 1𝑤+𝑗=𝑖+1(−𝜎−𝑚)𝑖−12𝜎𝑚 + 𝑂( 1𝜎2𝑚 ) .
Using the expansion (𝑥 − 𝜎−𝑚)𝑖−1 = 𝑥𝑖−1 + 𝑂(𝜎−𝑚), we getℙ(𝑂𝑖,𝑤+𝑗) = ∫10 𝑥𝑤+𝑗−2(1 − 𝑥) 𝑑𝑥 + 𝑂( 1𝜎𝑚 )= 1𝑤 + 𝑗 − 1 − 1𝑤 + 𝑗 + 𝑂( 1𝜎𝑚 ) ,
since ∫10 𝑥𝑛(1 − 𝑥) 𝑑𝑥 = 1𝑛+1 − 1𝑛+2 .

Assuming 𝑤2 = 𝑜(𝜎𝑚),𝔼[Δ2 ⋅ 1𝑃 ∗2 overwrites 𝑃 ∗1 ] = 𝑤∑𝑖=1 𝑖∑𝑗=1(𝑤 − 𝑖 + 𝑗) ⋅ ℙ(𝑂𝑖,𝑤+𝑗)= 𝑤∑𝑖=1 𝑖∑𝑗=1(𝑤 − 𝑖 + 𝑗) [ 1𝑤 + 𝑗 − 1 − 1𝑤 + 𝑗 + 𝑂( 1𝜎𝑚 )]= 𝑤∑𝑖=1 [ 𝑖∑𝑗=1 𝑤 − 𝑖 + 𝑗𝑤 + 𝑗 − 1 − 𝑖∑𝑗=1 𝑤 − 𝑖 + 𝑗𝑤 + 𝑗 ] + 𝑂( 1𝜎𝑚 )= 𝑤∑𝑖=1 [ 𝑖∑𝑗=1 𝑤 − 𝑖 + 𝑗 − 1 + 1𝑤 + 𝑗 − 1 − (𝑖 − 𝑖 𝑖∑𝑗=1 1𝑤 + 𝑗)] + 𝑂( 1𝜎𝑚 )= 𝑤∑𝑖=1 [𝑖 − (𝑖 − 1) 𝑖∑𝑗=1 1𝑤 + 𝑗 − 1 − 𝑖 + 𝑖 𝑖∑𝑗=1 1𝑤 + 𝑗] + 𝑂( 1𝜎𝑚 )= 𝑤∑𝑖=1 [ 𝑖∑𝑗=1 1𝑤 + 𝑗 − 1 + 𝑖 ( 1𝑤 + 𝑖 − 1𝑤)] + 𝑂( 1𝜎𝑚 ) .
Expanding into three different sums,𝔼[Δ2 ⋅ 1𝑃 ∗2 overwrites 𝑃 ∗1 ] = 𝑤∑𝑖=1 𝑖∑𝑗=1 1𝑤 + 𝑗 − 1⏟⏟⏟⏟⏟⏟⏟(𝐴) + 𝑤∑𝑖=1 𝑖𝑤 + 𝑖⏟⏟⏟⏟⏟(𝐵) − 1𝑤 𝑤∑𝑖=1 𝑖⏟(𝐶) +𝑂( 1𝜎𝑚 ) .
(𝐶) is obviously 𝑤+12 . For (𝐴), note that the term 1𝑤 appears 𝑤 times, 1𝑤+1 appears 𝑤 − 1 times,
and so on up to 12𝑤−1 which appears only once. Hence,(𝐴) = 𝑤−1∑𝑖=0 𝑤 − 𝑖𝑤 + 𝑖 = 1 + 𝑤∑𝑖=1 𝑤 − 𝑖𝑤 + 𝑖 = 1 + 𝑤(𝐻2𝑤 − 𝐻𝑤) − 𝑤∑𝑖=1 𝑖𝑤 + 𝑖⏟⏟⏟⏟⏟(𝐵) .
We do not need to compute (𝐵) as terms cancel, and𝔼[Δ2 ⋅ 1𝑃 ∗2 overwrites 𝑃 ∗1 ] = 1 + 𝑤(𝐻2𝑤 − 𝐻𝑤) − (𝐵) + (𝐵) − 𝑤 + 12 + 𝑂( 1𝜎𝑚 )= 𝑤(𝐻2𝑤 − 𝐻𝑤) − 𝑤 − 12 + 𝑂( 1𝜎𝑚 ) .

Rescan case.
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Let 1 ≤ 𝑟 ≤ 𝜎𝑚 and 𝛼(𝑟) = 𝜎𝑚−𝑟+1𝜎𝑚 . We use the truncated trapezoid approximation:1𝜎𝑚 𝜎𝑚−𝑟∑𝑠=1 𝑓( 𝑠𝜎𝑚 ) = ∫𝛼(𝑟)0 𝑓(𝑥) 𝑑𝑥 + 𝑂( 1𝜎𝑚 )
for any twice continuously derivable 𝑓 .
Lemma D.3. For any 1 ≤ 𝑖, 𝑗 ≤ 𝑤, the probability that 𝑃 ∗2 = 𝑖 + 𝑗 as a rescan when 𝑃 ∗1 = 𝑖 isℙ((𝑃 ∗1 = 𝑖) ∩ (𝑃 ∗2 = 𝑖 + 𝑗) ∩ (rescan)) = 1𝑤(𝑤 + 𝑖) + 𝑂( 1𝜎𝑚 ) .
Proof. Let us denote by 𝑅𝑖,𝑗 the event “(𝑃 ∗1 = 𝑖) ∩ (𝑃 ∗2 = 𝑖 + 𝑗) ∩ (rescan)” for any 1 ≤ 𝑖, 𝑗 ≤ 𝑤.
When this event is realized, then all variables

• 𝑅1, … , 𝑅𝑖−1 are > 𝑅𝑖;
• 𝑅𝑖+1, … , 𝑅𝑤+𝑖 are ≥ 𝑅𝑖 (including 𝑅𝑖+𝑗);
• 𝑅𝑖+1, … , 𝑅𝑖+𝑗−1 are > 𝑅𝑗;
• 𝑅𝑖+𝑗+1, … , 𝑅𝑤+𝑖 are ≥ 𝑅𝑗.
Therefore,ℙ(𝑅𝑖,𝑗) = 𝜎𝑚∑𝑟=1 𝜎𝑚∑𝑠=1 ℙ(𝑅1 > 𝑟)𝑖−1 ⋅ ℙ(𝑅𝑖 = 𝑟) ⋅ ℙ((𝑅1 ≥ 𝑟) ∩ (𝑅1 > 𝑠))𝑗−1⋅ ℙ((𝑅𝑖+𝑗 = 𝑠) ∩ (𝑅𝑖+𝑗 ≥ 𝑟)) ⋅ ℙ((𝑅1 ≥ 𝑟) ∩ (𝑅1 ≥ 𝑠))𝑤−𝑗= 1𝜎2𝑚 𝜎𝑚∑𝑟=1 ℙ(𝑅1 > 𝑟)𝑖−1 𝜎𝑚∑𝑠=𝑟 ℙ(𝑅1 > 𝑠)𝑗−1 ⋅ ℙ(𝑅1 ≥ 𝑠)𝑤−𝑗= 1𝜎2𝑚 𝜎𝑚∑𝑟=1 (𝜎𝑚 − 𝑟𝜎𝑚 )𝑖−1 𝜎𝑚∑𝑠=𝑟 (𝜎𝑚 − 𝑠𝜎𝑚 )𝑗−1 (𝜎𝑚 − 𝑠 + 1𝜎𝑚 )𝑤−𝑗

= 1𝜎2𝑚 𝜎𝑚∑𝑟=1 (𝜎𝑚 − 𝑟𝜎𝑚 )𝑖−1 𝜎𝑚−𝑟∑𝑠=0 ( 𝑠𝜎𝑚 )𝑗−1 (𝑠 + 1𝜎𝑚 )𝑤−𝑗 .
Notice that the term 𝑠 = 0 in the inner sum equals 1𝑗=1𝜎−𝑚(𝑤−1) which is 𝑂(𝜎−𝑚) as we
suppose that 𝑤 > 1. Applying the truncated trapezoid approximation to the function 𝑓 ∶ 𝑥 ↦𝑥𝑗−1(𝑥 + 𝜎−𝑚)𝑤−𝑗, we getℙ(𝑅𝑖,𝑗) = 1𝜎𝑚 𝜎𝑚∑𝑟=1 (𝜎𝑚 − 𝑟𝜎𝑚 )𝑖−1 [∫𝛼(𝑟)0 𝑓(𝑥) 𝑑𝑥 + 𝑂( 1𝜎𝑚 )]= 1𝜎𝑚 𝜎𝑚∑𝑟=1 (𝜎𝑚 − 𝑟𝜎𝑚 )𝑖−1 ∫𝛼(𝑟)0 𝑓(𝑥) 𝑑𝑥 + 𝑂( 1𝜎𝑚 ) .
Using the expansion 𝑓(𝑥) = 𝑥𝑤−1 + 𝑂(𝜎−𝑚), we getℙ(𝑅𝑖,𝑗) = 1𝜎𝑚 𝜎𝑚∑𝑟=1 (𝜎𝑚 − 𝑟𝜎𝑚 )𝑖−1 ∫𝛼(𝑟)0 𝑥𝑤−1 𝑑𝑥 + 𝑂( 1𝜎𝑚 )= 1𝑤 ⋅ 1𝜎𝑚 𝜎𝑚∑𝑟=1 (𝜎𝑚 − 𝑟𝜎𝑚 )𝑖−1 ⋅ (𝜎𝑚 − 𝑟 + 1𝜎𝑚 )𝑤 + 𝑂( 1𝜎𝑚 )= 1𝑤 ⋅ 1𝜎𝑚 𝜎𝑚∑𝑟=1 (𝑟 − 1𝜎𝑚 )𝑖−1 ⋅ ( 𝑟𝜎𝑚 )𝑤 + 𝑂( 1𝜎𝑚 ) .
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Applying Lemma D.1 with the function 𝑓 ∶ 𝑥 ↦ (𝑥 − 𝜎−𝑚)𝑖−1𝑥𝑤, we getℙ(𝑅𝑖,𝑗) = 1𝑤 ∫10 (𝑥 − 𝜎−𝑚)𝑖−1𝑥𝑤 𝑑𝑥 + 𝑂( 1𝜎𝑚 ) = 1𝑤(𝑤 + 𝑖) + 𝑂( 1𝜎𝑚 ) .
Finally, still assuming 𝑤2 = 𝑜(𝜎𝑚):𝔼[Δ2 ⋅ 1rescan] = 𝑤∑𝑖=1 𝑤∑𝑗=1 𝑗𝑤(𝑤 + 𝑖) + 𝑂( 1𝜎𝑚 ) = 𝑤 + 12 (𝐻2𝑤 − 𝐻𝑤) + 𝑂( 1𝜎𝑚 ) .

D.5. Proof of Proposition 16.2

Proof. We have, from Definition 16.2:𝑑∗ = 12𝜎𝑘 − 1 𝜎𝑘∑𝑛=1 (𝜎𝑘𝑛 )𝔼|X |=𝑛[𝑑∗(X )].
To compute the required expectation, let X = {𝑋1, … , 𝑋𝑛} be a set of k‑mers chosen

uniformly at random. We denote by 𝑀𝑖 ∈ J1, 𝜎𝑚K the random variable denoting the minimizer
of k‑mer 𝑋𝑖 (assimilating minimizers and their rank according to the chosen order O𝑚). Under
Hypothesis 16.2, it is not difÏcult to establish that ℙ(𝑀𝑖 > 𝑟) = ℙ(𝑋1 > 𝑟)𝑤 where 𝑋𝑖 denotes
the 𝑖-th m‑mer of 𝑋𝑖 and 𝑤 = 𝑘 − 𝑚 + 1. Therefore, we obtainℙ(𝑀𝑖 = 𝑟) = (𝜎𝑚 − 𝑟 + 1𝜎𝑚 )𝑤 − (𝜎𝑚 − 𝑟𝜎𝑚 )𝑤 .

We denote by 𝑃𝑟 the number of k‑mers in X that admit 𝑟 as their minimizer; then:𝔼[|MinCover(X )|] = 𝜎𝑚∑𝑟=1 𝔼[1𝑃𝑟>0] = 𝜎𝑚∑𝑟=1(1 − ℙ(𝑃𝑟 = 0)) = 𝜎𝑚 − 𝜎𝑚∑𝑟=1(1 − ℙ(𝑀1 = 𝑟))𝑛
= 𝜎𝑚 [1 − 1𝜎𝑚 𝜎𝑚∑𝑟=1 [1 − (𝜎𝑚 − 𝑟 + 1𝜎𝑚 )𝑤 + (𝜎𝑚 − 𝑟𝜎𝑚 )𝑤]𝑛]= 𝜎𝑚 [1 − 1𝜎𝑚 𝜎𝑚∑𝑟=1 [1 − ( 𝑟𝜎𝑚 )𝑤 + (𝑟 − 1𝜎𝑚 )𝑤]𝑛] .

This is exactly the standard coupon collector’s problem, where the coupons are distinct
minimizers and |X | is the number of coupons bought. Substituting and simplifying yields
Proposition 16.2.

D.6. Proof of Theorem 16.2

We prove the NP-completeness of MultiMinCover by (i) showing first that the problem is in
NP and then (ii) by reduction from SetCover. An alternative reduction from VertexCover is
presented at the end of this section.

D.6.1. MultiMinCover is in NP

For the decision version of MultiMinCover, given a proposed set Y of m‑mers of cardinality≤ 𝑘, one can verify whether Y is a multiminimizer cover of X by iterating over k‑mers in X ,
computing their 𝑁 minimizers, and checking whether at least one belongs to Y. This can be
done in 𝑂(|X | ⋅ 𝑁), hence the result.
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D.6.2. Reduction from SetCover

Let U = {1, … , 𝑛} and let S ⊆ 2U be a collection of subsets of U , whose union is U . We recall
that the SetCover problem amounts to finding the smallest subcollection of S whose union is U .
The frequency of an element 𝑢 ∈ U is defined as the number of subsets in S that contain 𝑢. We
define 𝑁 = max𝑢∈U freq(𝑢) as the maximum frequency of any element of U . Note that 𝑁 ≤ |S|.

To illustrate the proof, we propose to follow an example. Let U = {1, … , 5} and
S = {{1, 2, 3}, {4, 5}, {2, 4}, {3, 4}}. The optimal solution for this instance of set cover is{1, 2, 3}, {4, 5} of cardinality 2. The maximal frequency is 𝑁 = 3 (since 4 appears in 3 subsets).

We use the following 3-letter alphabet Σ = {0, 1, 𝑎}. Let 𝑚 = ⌈log2 |S|⌉. Take any indexing𝑆1, … , 𝑆|S| of the subsets forming S; we associate to each subset 𝑆𝑖 the m‑mer 𝑃𝑖 corresponding
to 𝑖 in binary coded with 𝑚 bits. Then, let 𝑘 = 𝑁𝑚 + 𝑁 − 1 = 𝑁(𝑚 + 1) − 1. To each element𝑢 ∈ U , let 𝑖1, … , 𝑖𝑓 be the indices of the 𝑆𝑖’s containing 𝑢, with 𝑓 = freq(𝑢). We associate to 𝑢
the k‑mer 𝑋𝑢 = 𝑚𝑖1𝑎𝑚𝑖2𝑎 ⋯ 𝑎𝑚𝑖𝑓 𝑎(𝑁−𝑓)(𝑚+1).
Example D.1. We have 𝑚 = ⌈log2 4⌉ = 2. We associate 𝑚1 = 00 to {1, 2, 3}, 𝑚2 = 01 to{4, 5}, 𝑚3 = 10 to {2, 4} and 𝑚4 = 11 to {3, 4}. We have 𝑘 = 8 and the following k‑mers:𝑋1 = 00𝑎𝑎𝑎𝑎𝑎𝑎, 𝑋2 = 00𝑎10𝑎𝑎𝑎, 𝑋3 = 00𝑎11𝑎𝑎𝑎, 𝑋4 = 01𝑎10𝑎11, 𝑋5 = 01𝑎𝑎𝑎𝑎𝑎𝑎.

The goal now is to exhibit 𝑁 orders O1𝑚, … ,O𝑁𝑚 on m‑mers, so that the following is true:
for each k‑mer 𝑥, its 𝑁 minimizers correspond exactly to its m‑mers coming from the 𝑚𝑖’s;
i.e. its minimizers contain only the letters 0 and 1. It should be clear that any solution to
MultiMinCover in this context is equivalent to a solution of the original SetCover instance. Since
there are |U | = 𝑛 k‑mers of size 𝑁(𝑚 + 1) − 1 = 𝑂(|S| log2 |S|) and exactly |S| minimizers to
choose from, the reduction is indeed polynomial, hence the result — once we prove said orders
on m‑mers can indeed be constructed in polynomial time.

By construction, we want the m‑mers 𝑚1, … , 𝑚|S| to receive a rank (for all orders) between1 and |S|; all subsequent possible m‑mers (either binary, or containing at least one a) should
receive a rank > |S| + 1, and their relative order is of no importance since they will not be
selected as minimizers whatsoever. By doing so, we ensure that the 𝑁 minimizers of each k‑mer𝑋𝑢 can only be the 𝑚𝑖’s it is made of. If 𝑋𝑢 contains several such 𝑚𝑖’s, the only thing left to do
is to ensure that each of them is indeed a minimizer for at least one order – so that the number
of distinct minimizers of 𝑋𝑢 is equal to the frequency of 𝑢 in the original SetCover instance —
thus ensuring the 1-to-1 correspondence between solutions of the two problems.

We exhibit Algorithm DetermineOrders (Algorithm D.1) to construct those orders.
At this point, we have determined that any m‑mer containing at least one a has rank at least5 in any of the 3 orderings to build, and {00, 01, 10, 11} must receive ranks 1 to 4. We initialize

two arrays, ranks and minimizers, following Algorithm DetermineOrders. Applying Lines 7–9
to 𝑋1 and 𝑋5, we get:

rank O1𝑚 O2𝑚 O3𝑚00011011
minimizers min1(𝑥) min2(𝑥) min3(𝑥) cand(𝑥)𝑋1 00 00 00 ∅𝑋2 00, 10
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minimizers min1(𝑥) min2(𝑥) min3(𝑥) cand(𝑥)𝑋3 00, 11𝑋4 01, 10, 11𝑋5 01 01 01 ∅
Now, consider 𝑋2 and the m‑mer 00. Applying Lines 11–15, choosing 𝑙 = 1, we get:

rank O1𝑚 O2𝑚 O3𝑚00 1011011
minimizers min1(𝑥) min2(𝑥) min3(𝑥) cand(𝑥)𝑋1 00 00 00 ∅𝑋2 00 10𝑋3 00 11𝑋4 01, 10, 11𝑋5 01 01 01 ∅

For 𝑋2 and 𝑋3, their respective remaining candidate fills the empty spots in minimizers by
applying again Lines 7–9. Considering 𝑋4, a possible outcome could be the following:

rank O1𝑚 O2𝑚 O3𝑚00 101 210 111
minimizers min1(𝑥) min2(𝑥) min3(𝑥) cand(𝑥)𝑋1 00 00 00 ∅𝑋2 00 10 10 ∅𝑋3 00 11 11 ∅𝑋4 01 10 11 ∅𝑋5 01 01 01 ∅

After which, any completion of ranks would work.

Proposition D.3. Algorithm DetermineOrders is correct and runs in polynomial time.

Proof. Each iteration in the while loop eliminates one candidate minimizer, of which there are
at most |U | ⋅ 𝑁 . For a given candidate minimizer, if Lines 7–9 are executed, the for loop takes
at most 𝑁 steps; and if Lines 11–15 are executed, parsing a column in ranks takes |S| steps,
and the for loop at most |U | steps. Since 𝑁 ≤ |S|, we end up with a worst-case complexity of𝑂(|U | ⋅ |S| ⋅ (|S| + |U |)), polynomial as claimed.

For the algorithm to be correct, we must never encounter the case where there exists 𝑋𝑖 and𝑚𝑗 ∈ cand(𝑋𝑖) such that minimizers(𝑋𝑖, 𝑙) is already defined for all 1 ≤ 𝑙 ≤ 𝑁 . In such a case,
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Algorithm D.1: DetermineOrders algorithm.

function DetermineOrders(𝑚1, … , 𝑚|S|; 𝑋1, … , 𝑋𝑛; 𝑁)
Initialize ranks, a |S| × 𝑁 array
Initialize minimizers, a 𝑛 × 𝑁 array
for 1 ≤ 𝑖 ≤ 𝑛 do

Let cand(𝑋𝑖) ⊆ {𝑚1, … , 𝑚|S|} be the set of candidate minimizers of 𝑋𝑖
while ∃ 𝑖 such that cand(𝑋𝑖) ≠ ∅ do

Let 𝑚𝑗 ∈ cand(𝑋𝑖)
if cand(𝑋𝑖) ∖ {𝑚𝑗} = ∅ then // The relative rank of 𝑚𝑗 does not matter.

for all 𝑙 such that minimizers(𝑋𝑖, 𝑙) is not defined do
minimizers(𝑋𝑖, 𝑙) ← 𝑚𝑗

else
Let 𝑙 be an index such that minimizers(𝑋𝑖, 𝑙) is not defined
Set ranks(𝑚𝑗, 𝑙) to the next unused integer in {1, … , |S|} in column 𝑙
for all 𝑥′ such that 𝑚𝑗 ∈ cand(𝑥′) do

if minimizers(𝑥′, 𝑙) is not defined then
minimizers(𝑥′, 𝑙) ← 𝑚𝑗

Remove 𝑚𝑗 from cand(𝑋𝑖)// Remaining ranks do not matter; complete them arbitrarily.
for 1 ≤ 𝑙 ≤ 𝑁 do

Assign remaining empty values in ranks(⋅, 𝑙) arbitrarily𝑚𝑗 could not be a minimizer for 𝑋𝑖. Suppose we are in such a case. Let cand𝐼(𝑋𝑖) be the
set of candidates of 𝑋𝑖 at the initialization of the algorithm. Since 𝑚𝑗 ∈ cand𝐼(𝑋𝑖) and since
minimizers(𝑋𝑖, 𝑙) is defined for all 𝑙, then surely there exists 𝑚𝑗′ ∈ cand𝐼(𝑋𝑖), 𝑗′ ≠ 𝑗, that appears
at least twice in the list of minimizers of 𝑋𝑖, by pigeonhole principle (|cand𝐼(𝑋𝑖) ∖ {𝑚𝑗}| < 𝑁).
When a minimizer is affected as a consequence of Lines 11–15, it is removed from the list of
candidates (and therefore cannot be added again as a minimizer for another order), so the only
way 𝑚𝑗′ could have been affected to two orders is as a consequence of Lines 7–9 — but those
are only triggered if 𝑚𝑗′ is the only remaining element of cand(𝑋𝑖), thus a contradiction since it
still contains at least 𝑚𝑗.
D.6.3. Reduction from VertexCover

This alternative reduction was proposed by an anonymous reviewer. Let 𝐺 = (𝑉 , 𝐸) be a graph.
Using the same formalism as above, associate to each vertex 𝑖 a distinct m‑mer 𝑚𝑖 = binary(𝑖)
encoded with 𝑚 = ⌈|𝑉 |⌉ bits. As above, we use the alphabet Σ = {0, 1, 𝑎}.

For each edge (𝑖, 𝑗) ∈ 𝐸, assume w.l.o.g. 𝑚𝑖 < 𝑚𝑗, we construct the k‑mer 𝑋(𝑖,𝑗) = 𝑚𝑖𝑎𝑚𝑗. We
define two orders O1 and O2 as (𝑚𝑖, 𝑚𝑗) ∈ O1 ⟺ 𝑚𝑖 < 𝑚𝑗 and (𝑚𝑖, 𝑚𝑗) ∈ O2 ⟺ 𝑚𝑖 > 𝑚𝑗.
Finally, we complete the orders by saying that 𝑥 < 𝑦 if a appears in 𝑦 and not in 𝑥, for both
orders O1 and O2. If a belongs to both 𝑥 and 𝑦, any arbitrary order can do. In the end, for all
k‑mers 𝑋(𝑖,𝑗), min1(𝑋(𝑖,𝑗)) = 𝑚𝑖 and min2(𝑋(𝑖,𝑗)) = 𝑚𝑗. Let X = {𝑋(𝑖,𝑗) ∶ {𝑖, 𝑗} ∈ 𝐸, 𝑚𝑖 < 𝑚𝑗}.
Lemma D.4. VertexCover admits a yes-instance (𝑉 , 𝐸, 𝑘) iff the MultiMinCover instance(X ,O1,O2, 𝑘) is a yes-instance.

Proof. (⇒) If C is a vertex cover of size 𝑘, then Y = {𝑚𝑖 ∶ 𝑖 ∈ C} is a multiminimizer cover: for
any k‑mer 𝑋(𝑖,𝑗), either 𝑖 ∈ C and min1(𝑋(𝑖,𝑗)) = 𝑚𝑖 ∈ Y, or 𝑗 ∈ C and min2(𝑋(𝑖,𝑗)) = 𝑚𝑗 ∈ Y.
(⇐) Let (𝑉 , 𝐸, 𝑘) be a no-instance. Assume that our constructed instance (X ,O1,O2, 𝑘) is a

yes-instance with multiminimizer cover Y . Then every 𝑋(𝑖,𝑗) ∈ X has a minimizer min1(𝑋(𝑖,𝑗)) =
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D. Proofs and experiments on multiminimizers𝑚𝑖 or min2(𝑋(𝑖,𝑗)) = 𝑚𝑗 per definition of O1 and O2; and the set C = {𝑖 ∶ 𝑚𝑖 ∈ Y} is a vertex
cover of size 𝑘 for 𝐺 = (𝑉 , 𝐸) with 𝐸 = {(𝑖, 𝑗) ∶ 𝑋(𝑖,𝑗) ∈ X}.
D.7. Density plots for multiplew values

In this section, we ran the same evaluation as in Section 16.4.1, but applied our multiminimizer
iterator to multiple 𝑤 and more 𝑚 values to check that our results are robust with regard to 𝑤
and 𝑚. Figure D.3 and Figure D.4 show that our results are indeed robust with regard to 𝑤: for
all 𝑤 values, our iterator can yield densities lower than the lower bound.

D.8. Conservation with respect to error rate

In this section, we study the evolution of the conservation of the sampled multiminimizers with
respect to the error rate and the number of hash functions. Given a sequence 𝑆 and a mutated
version of the sequence 𝑆′ for a given error rate, we measure the conservation using the Jaccard
similarity of 𝐴 = MultiMinimizers(𝑆) and 𝐵 = MultiMinimizers(𝑆′), i.e. |𝐴∩𝐵||𝐴∪𝐵| . The results are
shown in Figure D.5. In particular, we can observe that the conservation decreases slightly faster
with respect to the error rate as the number of hash functions increases.

D.9. Linearity of indexation time

In this section, we show that the iteration over multiminimizers is linear with regard to the
number of hash functions. The results are shown in Figure D.6.
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Figure D.3.: Density of multiple schemes, including multiminimizers with up to 32 hash functions,
for 𝑤 ∈ {3, 7, 15, 31, 63}.
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Figure D.4.: Density of multiple schemes, including multiminimizers based on open-closed mod-
minimizers [GLP25] with up to 32 hash functions, for 𝑤 ∈ {3, 7, 15, 31, 63}.193
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E.1. Useful lemmas

Lemma E.1. Assuming 𝑝 is non-increasing with respect to 𝑤, 1 − (1 − 𝑝)𝑤+1 =𝑤→∞ 𝑓 + 𝑜(1)
Proof. (1 − 𝑝)𝑤+1 = (1 − 𝑝)𝑤 − 𝑝(1 − 𝑝)𝑤

• if 𝑝 ⟶𝑤→∞ 0, 𝑝(1 − 𝑝)𝑤 ⟶𝑤→∞ 0
• otherwise 𝑝 ≥ 𝑐 for some 𝑐 > 0 since it is non-increasing, so 𝑝(1 − 𝑝)𝑤 ≤ 𝑝(1 − 𝑐)𝑤 ⟶𝑤→∞ 0
Therefore, (1 − 𝑝)𝑤+1 = (1 − 𝑝)𝑤 + 𝑜(1)
We use Ŝ to denote the set of k‑mers containing a small 𝑚-mer.

Lemma E.2. Given two consecutive k‑mers 𝑊0 and 𝑊1, Pr(𝑊0, 𝑊1 ∈ Ŝ) =𝑤→∞ 𝑓 + 𝑜(1)
Proof.

Pr(𝑊0, 𝑊1 ∈ Ŝ) = 1 − Pr(𝑊0 ∉ Ŝ ∨ 𝑊1 ∉ Ŝ)= 1 − [Pr(𝑊0 ∉ Ŝ) + Pr(𝑊1 ∉ Ŝ) − Pr(𝑊0 ∉ Ŝ ∧ 𝑊1 ∉ Ŝ)]= 1 − 2(1 − 𝑝)𝑤 + (1 − 𝑝)𝑤+1 = 1 − (1 − 𝑝)𝑤 + 𝑜(1)= 𝑓 + 𝑜(1)
Lemma E.3. 𝑝 =𝑤→∞ − 1𝑤 ln(1 − 𝑓) + 𝑜(1/𝑤)
Proof. Because of Proposition 17.1, we have 𝑝 = 1 − (1 − 𝑓)1/𝑤 and(1 − 𝑓)1/𝑤 = exp [ 1𝑤 ln(1 − 𝑓)] = 1 + 1𝑤 ln(1 − 𝑓) + 𝑜(1/𝑤)
E.2. Proof of Theorem 17.1

In order to upper bound the density, we follow the same approach as the one presented in
[ZKM20] (for the proof of theorem 7). As stated in [ZKM20], the density is equivalent to the
probability that a context 𝑐 (that is, the string formed by two consecutive k‑mers) is charged,
i.e. the two k‑mers of 𝑐 have different minimizers.𝑑 = Pr𝑐,ℎ(𝑐 is charged)≤ Pr𝑐,ℎ(𝑐 has duplicate 𝑚-mers) + Pr𝑐,ℎ (𝑐 is charged | no duplicate 𝑚-mers)
Lemma E.4 (lemma 9 from [ZKM20]). Assuming 𝑚 > (3 + 𝜀) log𝜎 𝑤,

Pr𝑐,ℎ(𝑐 has duplicate 𝑚-mers) = 𝑜(1/𝑤)
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If 𝑐 has no duplicate 𝑚-mers, the small 𝑚-mers are all distinct and each of them has the same
probability to be minimal since ℎ is random. Therefore,

Pr𝑐,ℎ (𝑐 is charged | no duplicate 𝑚-mers) = 𝔼𝑐,ℎ [𝑀𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦𝑀𝑡𝑜𝑡𝑎𝑙 ]
where 𝑀𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 denotes the number of boundary 𝑚-mers that are small and 𝑀𝑡𝑜𝑡𝑎𝑙 denotes
the total number of small 𝑚-mers in 𝑐.

Let 𝑥0 denote the first 𝑚-mer of 𝑐 and 𝑥𝑤 denote the last one,𝔼𝑐,ℎ [𝑀𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦𝑀𝑡𝑜𝑡𝑎𝑙 ] = 𝔼𝑐,ℎ [1𝑥0∈S + 1𝑥𝑤∈S𝑀𝑡𝑜𝑡𝑎𝑙 ] = 2 ⋅ 𝔼𝑐,ℎ [ 1𝑥0∈S𝑀𝑡𝑜𝑡𝑎𝑙 ] (symmetry)= 2 ⋅ 𝔼𝑐,ℎ [1/𝑀𝑡𝑜𝑡𝑎𝑙 | 𝑥0 ∈ S] ⋅ Pr(𝑥0 ∈ S)
Assuming 𝑥0 is small, we have 𝑀𝑡𝑜𝑡𝑎𝑙 = 1 + 𝑋 with 𝑋 ∼ 𝐵(𝑤, 𝑝), since each other 𝑚-mer of𝑐 has a probability 𝑝 to be small.𝔼𝑐,ℎ [1/𝑀𝑡𝑜𝑡𝑎𝑙 | 𝑥0 ∈ S] = 𝔼𝑐,ℎ [ 11 + 𝑋 ] = 𝑤∑𝑖=0 11 + 𝑖(𝑤𝑖 )𝑝𝑖(1 − 𝑝)𝑤−𝑖

Lemma E.5. ∑𝑤𝑖=0 11+𝑖(𝑤𝑖 )𝑝𝑖(1 − 𝑝)𝑤−𝑖 = 1−(1−𝑝)𝑤+1(𝑤+1)𝑝
Proof.(𝑤 + 1)𝑝 𝑤∑𝑖=0 11 + 𝑖(𝑤𝑖 )𝑝𝑖(1 − 𝑝)𝑤−𝑖 = 𝑤∑𝑖=0 𝑤 + 11 + 𝑖 𝑤!𝑖!(𝑤 − 𝑖)!𝑝𝑖+1(1 − 𝑝)𝑤−𝑖

= 𝑤∑𝑖=0 (𝑤 + 1)!(𝑖 + 1)!(𝑤 + 1 − (𝑖 + 1))!𝑝𝑖+1(1 − 𝑝)𝑤+1−(𝑖+1) = 𝑤+1∑𝑗=1 (𝑤 + 1𝑗 )𝑝𝑗(1 − 𝑝)𝑤+1−𝑗= 1 − (1 − 𝑝)𝑤+1
Finally, since Pr(𝑥0 ∈ S) = 𝑝,𝑑 ≤ 2 ⋅ 1 − (1 − 𝑝)𝑤+1𝑤 + 1 + 𝑜(1/𝑤) = 2𝑓𝑤 + 1 + 𝑜(1/𝑤)

E.3. Proof of Theorem 17.2

In this section, we assume that every k‑mer we work with contains a small 𝑚-mer.
Just as for the proof of Theorem 17.1, we still have𝑑 ≤ Pr𝑐,ℎ(𝑐 has duplicate 𝑚-mers) + Pr𝑐,ℎ (𝑐 is charged | no duplicate 𝑚-mers)
and

Pr𝑐,ℎ (𝑐 is charged | no duplicate 𝑚-mers) = 𝔼𝑐,ℎ [𝑀𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦𝑀𝑡𝑜𝑡𝑎𝑙 ]= 2 ⋅ 𝔼𝑐,ℎ [1/𝑀𝑡𝑜𝑡𝑎𝑙 | 𝑥0 ∈ S] ⋅ Pr(𝑥0 ∈ S | 𝑊1 ∈ Ŝ)
Lemma E.6. Assuming 𝑚 > (3 + 𝜀) log𝜎 𝑤, Pr𝑐,ℎ(𝑐 has duplicate 𝑚-mers) = 𝑜(1/𝑤)
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Proof. This proof is similar to the proof of lemma 9 from [ZKM20]. Let 𝑖, 𝑗 ∈ J0, 𝑤K with 𝑖 < 𝑗,𝛿 = 𝑗 − 𝑖.
If 𝛿 < 𝑚, Pr(𝑥𝑖 = 𝑥𝑗) = 𝜎𝛿𝜎𝑚+𝛿 = 1𝜎𝑚 = 𝑜(1/𝑤3)
If 𝛿 ≥ 𝑚,

Pr(𝑥𝑖 = 𝑥𝑗) = Pr(𝑥𝑖 = 𝑥𝑗 | 𝑥𝑖, 𝑥𝑗 ∈ S)Pr(𝑥𝑖, 𝑥𝑗 ∈ S) + Pr(𝑥𝑖 = 𝑥𝑗 | 𝑥𝑖, 𝑥𝑗 ∉ S)Pr(𝑥𝑖, 𝑥𝑗 ∉ S)= Pr(𝑥𝑖, 𝑥𝑗 ∈ S)𝑝 ⋅ 𝜎𝑚 + Pr(𝑥𝑖, 𝑥𝑗 ∉ S)(1 − 𝑝)𝜎𝑚
Because of Lemma E.2, Pr(𝑥𝑖, 𝑥𝑗 ∈ S) = 𝑝2

Pr(𝑊0,𝑊1∈Ŝ) = 𝑝2𝑓+𝑜(1) ≤ 𝑝 and

Pr(𝑥𝑖, 𝑥𝑗 ∉ S) ≤ (1 − 𝑝)2 [1 − (1 − 𝑝)𝑤−1]
Pr(𝑊0, 𝑊1 ∈ Ŝ) = (1 − 𝑝)2 [1 − (1 − 𝑝)𝑤−1]𝑓 + 𝑜(1) ≤ (1 − 𝑝)2

Therefore, Pr(𝑥𝑖 = 𝑥𝑗) ≤ 𝑝𝑝⋅𝜎𝑚 + (1−𝑝)2(1−𝑝)𝜎𝑚 ≤ 2𝜎𝑚 = 𝑜(1/𝑤3)
Thus Pr𝑐,ℎ(𝑐 has duplicate 𝑚-mers) = (𝑤2) × 𝑜(1/𝑤3) = 𝑜(1/𝑤)
Assuming 𝑥0 is small, the 𝑤 next 𝑚-mers of 𝑐 form a k‑mer, so we know that at least one of

them is also small. Therefore,𝔼𝑐,ℎ [1/𝑀𝑡𝑜𝑡𝑎𝑙 | 𝑥0 ∈ S] = 𝔼𝑐,ℎ [ 11 + 𝑋 | 𝑋 ≥ 1] = 1
Pr(𝑋 ≥ 1) 𝑤∑𝑖=1 11 + 𝑖(𝑤𝑖 )𝑝𝑖(1 − 𝑝)𝑤−𝑖= 1𝑓 [1 − (1 − 𝑝)𝑤+1(𝑤 + 1)𝑝 − (1 − 𝑝)𝑤] = 1𝑓 [ 𝑓 + 𝑜(1)(𝑤 + 1)𝑝 − (1 − 𝑓)]

What’s more, Pr(𝑥0 ∈ S | 𝑊1 ∈ Ŝ) = Pr(𝑥0∈S)
Pr(𝑊1∈Ŝ) = 𝑝𝑓 .

Hence, 𝑑 ≤ 2𝑝𝑓2 [ 𝑓 + 𝑜(1)(𝑤 + 1)𝑝 − (1 − 𝑓)] + 𝑜(1/𝑤) = 2𝑓(𝑤 + 1) − 2(1 − 𝑓)𝑝𝑓2 + 𝑜(1/𝑤)= 2𝑓(𝑤 + 1) + 2(1 − 𝑓) ln(1 − 𝑓)𝑓2𝑤 + 𝑜(1/𝑤)= 2 ⋅ 𝑓 + (1 − 𝑓) ln(1 − 𝑓)𝑓2(𝑤 + 1) + 𝑜(1/𝑤)
E.4. Proof of Theorem 17.3

In order to compute the proportion of maximal super‑k‑mers, we adapt the proof of theorem 4
from [PSL23].

First, we introduce a similar Markov chain representing the position 𝑋 of the small minimizer
in the k‑mer, with an extra state ∅ when there is no small minimizer.

We reuse the following notations introduced in [PSL23]:

• 𝑃𝑙𝑟 is the proportion of left-right-max (i.e. maximal) super‑k‑mers
• 𝑃𝑙 is the proportion of left-max super‑k‑mers
• 𝑃𝑟 is the proportion of right-max super‑k‑mers
• 𝑃𝑛 is the proportion of non-max super‑k‑mers

∀𝑖 ∈ J1, 𝑤 − 1K,Pr(first 𝑋 = 𝑖) = Pr(𝑋 = 1) ⋅ 𝑓𝑤
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1 2 … 𝑤 − 1 𝑤
∅1 − 𝑓 𝑝1 − 𝑝

𝛿1 − 𝛿𝑓/𝑤

Figure E.1.: The chain is in state 𝑖 ∈ J1, 𝑤K if the small minimizer starts at position 𝑖 in the
k‑mer, and ∅ if there is no small minimizer. Different edge colors represent different
probabilities.

𝑃𝑙𝑟+𝑃𝑟 = Pr(𝑋 = 𝑤) = Pr(first 𝑋 = 𝑤) = 1−𝑤−1∑𝑖=1 Pr(first 𝑋 = 𝑖) = 1−Pr(𝑋 = 1)⋅𝑓 ⋅(1−1/𝑤)𝑃𝑙𝑟 + 𝑃𝑙 = Pr(last 𝑋 = 1) = Pr(𝑋 = 1) + Pr(first 𝑋 = 1) = Pr(𝑋 = 1) ⋅ (1 + 𝑓/𝑤)
By symmetry, 𝑃𝑙 = 𝑃𝑟, so 1 − Pr(𝑋 = 1) ⋅ 𝑓 ⋅ (1 − 1/𝑤) = Pr(𝑋 = 1) ⋅ (1 + 𝑓/𝑤)

Therefore, Pr(𝑋 = 1) = 11+𝑓 and Pr(𝑋 = 𝑤) = 1 − 𝑓1+𝑓 (1 − 1𝑤) = 1+𝑓/𝑤1+𝑓
What’s more, 1 + 𝑃𝑙𝑟 = 𝑃𝑙𝑟 + 𝑃𝑙 + 𝑃𝑙𝑟 + 𝑃𝑟 + 𝑃𝑛 = 2 ⋅ Pr(𝑋 = 𝑤) + 𝑃𝑛
so𝑃𝑙𝑟 = 𝑃𝑛+2⋅Pr(𝑋 = 𝑤)−1 = 𝑃𝑛+1 − 𝑓(1 − 2/𝑤)1 + 𝑓 and 𝑃𝑙 = 𝑃𝑟 = Pr(𝑋 = 𝑤)−𝑃𝑙𝑟 = 𝑓(1 − 1/𝑤)1 + 𝑓 −𝑃𝑛

𝑃𝑛 = Pr(first 𝑋 ≠ 𝑤) ⋅ Pr(last 𝑋 ≠ 1) = Pr(𝑋 = 1) ⋅ 𝑓 ⋅ (1 − 1/𝑤) ⋅ [1 − Pr(𝑋 = 1) ⋅ (1 + 𝑓/𝑤)]= (1 − 1𝑤) ⋅ 𝑓1 + 𝑓 ⋅ [1 − 1 + 𝑓/𝑤1 + 𝑓 ] = (1 − 1𝑤) ⋅ 𝑓1 + 𝑓 ⋅ 𝑓(1 − 1/𝑤)1 + 𝑓 = [(1 − 1𝑤) 𝑓1 + 𝑓 ]2
Thus 𝑃𝑙 = 𝑃𝑟 = [(1 − 1𝑤) 𝑓1+𝑓 ] [1 − (1 − 1𝑤) 𝑓1+𝑓 ]
and 𝑃𝑙𝑟 = [(1 − 1𝑤) 𝑓1 + 𝑓 ]2 + 1 − 𝑓(1 − 2/𝑤)1 + 𝑓

E.5. Proof of Theorem 17.4

This proof generalizes the proof of Theorem 17.1 when the minimizers are selected from a UHS
U with density 𝑑U .

First, because of independence, we have Pr(𝑥0 ∈ S ∩ U) = Pr(𝑥0 ∈ S) ⋅ Pr(𝑥0 ∈ U) and
Pr(|S ∩ U ∩ 𝑐| = 𝑖) = ∑𝑛≥𝑖 Pr(|U ∩ 𝑐| = 𝑛)Pr(|S ∩ U ∩ 𝑐| = 𝑖 | |U ∩ 𝑐| = 𝑛)

198



E. Proofs and experiments on fractional hitting sets

The main change of the proof lies in the bound on the expectation:𝔼 [ 1|S ∩ U ∩ 𝑐| | 𝑥0 ∈ S ∩ U] = 𝑤∑𝑖=0 1𝑖 + 1 Pr (|S ∩ U ∩ 𝑐| = 𝑖 + 1 | 𝑥0 ∈ S ∩ U)= 𝑤∑𝑖=0 1𝑖 + 1 𝑤∑𝑛=𝑖 Pr(|U ∩ 𝑐| = 𝑛 + 1 | 𝑥0 ∈ U)Pr(|S ∩ U ∩ 𝑐| = 𝑖 + 1 | |U ∩ 𝑐| = 𝑛 + 1, 𝑥0 ∈ S ∩ U)= 𝑤∑𝑛=0 Pr(|U ∩ 𝑐| = 𝑛 + 1 | 𝑥0 ∈ U) 𝑛∑𝑖=0 1𝑖 + 1 Pr(|S ∩ U ∩ 𝑐| = 𝑖 + 1 | |U ∩ 𝑐| = 𝑛 + 1, 𝑥0 ∈ S ∩ U)= 𝑤∑𝑛=0 Pr(|U ∩ 𝑐| = 𝑛 + 1 | 𝑥0 ∈ U) 𝑛∑𝑖=0 1𝑖 + 1 Pr(|S| = 𝑖 + 1 | 𝑥0 ∈ S, |𝑊| = 𝑛)= 𝑤∑𝑛=0 Pr(|U ∩ 𝑐| = 𝑛 + 1 | 𝑥0 ∈ U) ⋅ 1 − (1 − 𝑝)𝑛+1(𝑛 + 1)𝑝≤ 𝑤∑𝑛=0 Pr(|U ∩ 𝑐| = 𝑛 + 1 | 𝑥0 ∈ U) ⋅ 𝑓 + 𝑜(1)(𝑛 + 1)𝑝
Therefore, using the same arguments as in the proof of Theorem 17.1, we obtain𝑑S∩U ≤ 2 ⋅ Pr(𝑥0 ∈ S ∩ U) ⋅ 𝔼 [ 1|S ∩ U ∩ 𝑐| | 𝑥0 ∈ S ∩ U] + 𝑜(1/𝑤)≤ 2 ⋅ Pr(𝑥0 ∈ U) ⋅ Pr(𝑥0 ∈ S) 𝑤∑𝑛=0 Pr(|U ∩ 𝑐| = 𝑛 + 1 | 𝑥0 ∈ U) ⋅ 𝑓(𝑛 + 1)𝑝 + 𝑜(1/𝑤)= 𝑓 ⋅ 2 ⋅ Pr(𝑥0 ∈ U) 𝑤∑𝑛=0 1𝑛 + 1 Pr(|U ∩ 𝑐| = 𝑛 + 1 | 𝑥0 ∈ U) + 𝑜(1/𝑤)= 𝑓 ⋅ 𝑑U + 𝑜(1/𝑤)

E.6. Additional figures

Figure E.2.: Space cost in bits per k‑mer according to the subsampling rate.
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F. Useful tools

This appendix will be completed later.

203


	Abstract
	Résumé en français
	Foreword
	Acknowledgements • Remerciements
	Introduction
	Delving into genomic sequences
	Comparing using k‑mers
	Coarse-grained comparisons with k‑mers
	De Bruijn graph representation
	Identifying small variations
	Compact representations

	Using k‑mers for petabase-scale data structures

	Sketching sequences
	Why do we want to sketch sequences?
	Approximating similarity
	MinHash and its variations
	MinHash
	Bottom MinHash
	FracMinHash

	Partitioned sketches and smaller fingerprints
	Partitioned sketches
	b-bit MinHash
	HyperMinHash
	MaxGeomHash

	Other types of sketches
	DotHash for intersection size
	SubseqSketch for edit distance

	Toward locality-aware sampling

	Sampling with minimizers
	Definition and fundamental properties
	Density and orderings
	Lexicographic ordering
	Random ordering

	Super‑k‑mers
	Improving conservation
	Syncmers
	Strobemers

	Practical use cases
	Minimizers as anchors
	Minimizers for partitioning
	Minimizers as lossy fingerprints
	Minimizer-space data structures



	High-performance sequence processing
	A primer on vectorization
	A brief history of vectorized extensions
	SIMD vectorization in practice
	The example of memchr

	Vectorized sequence parsing
	Background
	Description of the formats
	Efficient parsing
	Existing work

	(Bitpacked) DNA representations
	Packed format
	Columnar format

	Streaming the input
	Classifying the input with bitmasks
	From automata to vectorized programs

	Implementation of the lexing phase
	Parsing relevant information with a control finite state machine
	Compile-time configuration and specialization
	Results
	Parsing throughput
	Number of instructions, cycles and branches per byte

	Conclusion

	Rolling hashes on sequences
	Rolling hashes and their properties
	Constant-time updates
	Merging and splitting hashes
	Hashing arbitrary substrings using prefixes

	NtHash and its variants
	Cyclic polynomial hashing
	NtHash and MulHash
	Reverse-complement and canonical hashing

	Vectorized implementation of ntHash
	Parallel iteration on a packed input
	Vectorized operations and table lookups
	Performance

	Breaking ntHash
	Forging and propagating collisions
	Bias on the leading zeros

	Toward minimizer computation

	Vectorized computation of minimizers
	Existing algorithms for sliding window minimum
	Naive approach
	Monotone queue
	Rescan

	A branchless linear algorithm using two stacks
	The two-stacks algorithm
	Combining hashes and positions

	Computing canonical minimizers
	Vectorized implementation
	Parallel iteration and sliding window minimum
	Deduplication

	Variations of minimizers
	Computing super‑k‑mers
	Computing syncmers
	Other minimizer schemes

	Experimental evaluation
	Incremental time usage
	Full comparison


	Application to sequence filtering
	Filtering sequences with minimizers
	Using minimizers to upper bound the number of k‑mer matches
	Minimizer-based filtering algorithm
	Vectorization
	Parallelization

	Results
	State-of-the-art analysis
	Influence of parameters
	Real data

	Limitations and perspectives

	First discussion

	Locality-preserving representations of k‑mer sets
	Background on k‑mer sets
	Path locality and hashing
	Sparse and skew hashing: SSHash
	Improvements on SSHash

	Colexicographic clustering and spectral BWT
	Colexicographic order and Wheeler graphs
	The spectral BWT and subset rank

	Masked superstrings
	Comparison

	Necklaces and minimizers
	Necklaces and their properties
	Ranking necklaces
	Bijective encoding of k‑mers
	Encoding canonical k‑mers

	Necklaces of consecutive k‑mers
	Runs of common prefixes
	Computing necklaces with minimizers
	Super-necklaces

	CBL: a dynamic data structure for k‑mer sets
	Quotienting sets of necklaces
	Prefix data structure
	Associating prefixes to suffixes
	Suffix storage
	Operations
	Informal comparison to Elias-Fano
	Implementation details

	Comparison against other indexes
	Index construction
	Queries
	Insertion and deletion

	Perspectives

	Set operations on k-mer collections
	The sorted-iterator interface
	Multi-way set operations
	Union
	Intersection
	(Symmetric) difference

	Prefix-level pruning
	Benchmarks
	Exponential search for skewed set sizes
	Perspectives from database query engines

	Dynamic super‑k‑mer maps
	Interleaved super‑k‑mers
	Lazy encoding of minimizers
	The bucket lookup problem
	Interleaving
	Limitations

	Load balancing and superbuckets
	Skewed bucket sizes
	Superbuckets via bijective hashing
	Sorting and buffering

	Super-k‑mer versus k‑mer level representation
	Performance in practice
	Toward streaming deduplication
	A compact super‑k‑mer representation
	Coverage-based insertion
	Open extensions


	From super‑k‑mers to hyper-k-mers
	Space analysis of super‑k‑mers and closed syncmers
	Super‑k‑mers
	Closed syncmers

	Hyper‑k‑mers
	Counting k‑mers using hyper‑k‑mers
	Experiments
	Long reads whole genome sequencing datasets
	Super‑k‑mer threshold heuristic

	Conclusion

	Second discussion

	Sampling k‑mers to lower memory & complexity
	Background on low-density minimizers
	Universal hitting sets and decycling sets
	Universal hitting sets
	Decycling sets

	(Open-closed) mod-minimizers
	Mod-minimizers
	Open-closed mod-minimizers

	Lower bounds for forward local schemes
	Other variants
	Finimizers
	GreedyMini
	10-minimizers
	Anti-lexicographic SUS-anchors

	Toward multi-hash schemes

	Multiminimizers
	A link between density and the expected distance between selected positions
	Multiminimizers: trading time for space
	On deduplicated density
	Results
	Density
	Super‑k‑mers and hyper‑k‑mers space usage
	Pin: a multiminimizer approach to Needle-like applications

	Conclusion

	Sketching super‑k‑mers
	Preliminaries
	Fractional Hitting Sets
	Density of small minimizers
	Proportion of maximal super‑k‑mers
	Improving the density of fractional hitting sets using UHS

	Sketching technique in SuperSampler
	SuperSampler's sketch construction
	Partitioned sketches
	Set comparisons

	Results
	Space efficiency of SuperSampler.
	Performance Comparison

	Conclusion

	Third discussion

	Conclusion & perspectives
	References
	Appendices
	A forward scheme for canonical minimizers
	Experiments on parsing
	Features of the benchmarked CPUs
	Additional experiments on data read from disk
	Additional experiments on data loaded in RAM
	Throughput
	Instructions and cycles
	Branches and branch misses


	Experiments on hyper-k-mers
	Datasets
	Multi-threading efficiency of KFC
	Metagenomic benchmarks
	Effect of coverage
	Effect of not filtering unique k‑mers
	Pangenome benchmark

	Proofs and experiments on multiminimizers
	Proof of Theorem 
	Proof of Proposition 
	Convergence of P_1 to the uniform distribution
	Monte-Carlo simulations of random minimizers
	Proof of Proposition 
	Proof of Theorem 
	MultiMinCover is in NP
	Reduction from SetCover
	Reduction from VertexCover

	Density plots for multiple w values
	Conservation with respect to error rate
	Linearity of indexation time

	Proofs and experiments on fractional hitting sets
	Useful lemmas
	Proof of Theorem 
	Proof of Theorem 
	Proof of Theorem 
	Proof of Theorem 
	Additional figures

	Useful tools


